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РКЕЕАСЕ 


The second volume of the book entitled “Problems in Strength of 
Materials" is being published to meet the needs of students of higher 
classes in Engineering Colleges. Some of the chapters will also be use- 
fulto candidates appearing in Engineering Services and Associate 
Membership of the Institution of Engineers examinations. 

The majority of the problems, dealt with here; have been taken 
from the examination papers of the London University. And a few 
of these problems were set in the examinations conducted by the Union 
Public Service Commission and the Institution of Engineers. The 
author wishes to thank these bodies for their kind permission to repro- 
duce the problems set by them. Many of the problems, however, were 
originally set in F. P. S. units; they have now been converted to 
M. K. S. units. 

A glossary of notations used in the book isincluded, and the readers 
should consult it in case they have any doubt. 

The author has already received many encouraging letters from 
the learned professors of different technical institutions in India appre- 
ciating the first volume of this book. He has also received many 
valuable suggestions for the improvement of the book. The author 
takes this opportunity to express his profound gratitude to all these 
well-wishers whom he has not yet been able to thank personally. He 
will consider their suggestions while publishing the second edition of 
the first volume. 

The author wishes to express his deep sense of gratitude to the 
Publisher of the book for the care that he took in producing the 
book. А 

While every effort has been made to check the solutions of the 
problems, the author would be grateful to his readers for indicating to 
him whatever errors and misprints that might have still remained. 


Patna, В. №. Bose 
March 3, 1973. 
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NOTATIONS 


Area 
Modified area 


Bending moment 

Width 

Modulus of rigidity 
Diameter 

Depth, diameter 
Modulus of elasticity 
Direct strain, eccentricity 
Shearing force 

Direct stress 
Acceleration due to gravity 
Height 

Moment of inertia 

Polar moment of inertia 
Bulk modulus, stiffness 
Radius of gyration 
Length 

Bending moment 


Poisson’s ratio 


Frequency of vibration, number of revolutions 
Force 

Pitch, pressure 

Force 

Shearing stress 

Radius, reaction 


Radius 


ме. 
= 


NS HX = 


a € o Foo DPR 


Temperature, time, torque 
Thickness 

Strain energy 

Volume 

Velocity 

Load 

Distributed load, weight per unit length 
Distance 

Deflection 

Section modulus 

Angle, coefficient of thermal expansion 
Angle 

Deflection, elongation 

Angle of twist, slope of beam, 
Coefficient of friction 

Density 

Angle 


Angular velocity 


CHAPTER I 


BENDING COMBINED WITH TORSION AND THRUST 


1. What must be the diameter of a solid shaft to transmit a twisting 
moment of 60 tonne metres and a bending moment of 15 tonne metres, the 
maximum direct stress being limited to 800 kg/cm? ? What shbuld be the 
external diameter of a hollow shaft to dothis if the internal diameter is 
0-6 of the external diameter ? (Engineering Services, 1967) 


Equivalent bending moment, 


Me=3[M+ М МЕТ =HIS + у 15+ 604] 


= 384 t т=38-4 x 10° kg cm 
But Me=fZ=z5D°§ 
EN =38- 5 
352 x 800 —38:4 x 10 
384x 105 х 32 
1 x 800 
Solving D =36`6 cm 
For the hollow shaft, 
7 рра qi] --Epps— (0: ENTE a 
I 6412 ] aL (0°6D)4]=0°0427D 


or D3 


800 x 0°0427D! x 2 
D 


Me=fZ= 


800 x0 08107 х2 38:4 х 105 


_ 384x 105 
= 800x0:0427 x 2 


Solving D =38 3 em. 

circular shaft subjected to an axial twisting moment Т and а 

show that when M —12T, the ratio of the maximum 

principal stress is approximately 0:566. 
(Lond. Univ.) 


ог р? 


2. ша 
bending moment М, 
shearing stress to the greater 


Equivalent bending moment, 
М, =ИМ-+ MEETS 327+ VAT2TE TI] 


=Mt-2T+ 15627] = 13817 
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Maximum principal stress, 
fale _ 32Me _ 32× V38IT 
Ph nD? zD? 
Equvalent torque, Te= VM? +T? = 5627 
Maximum shear stress, 
TEED. —16Te _16 x 1°562T 


itin opp TDS zD? 


дтах _ 16x 1-562 
о АЕ 


= 0:566. 


3. А hollow circular shaft 20 cm external diameter and 10 cm internal 
diameter is subjected to a direct compression load of 75 tonnes, a bending 
moment of 450 tonnes cm and a twisting moment of 620 tonnes cm. 
Calculate the inaximum principal stress and the maximum shearing stress. 


(Lond. Univ.) 


A =F (20: 10?) = 236 ст? 


1 = (204 — 107) 27,360 cm: 


Stress due to end thrust 


Ai 236 =318 kg/cm? 


А М _ 450,000 x 10 
Bending stress= = Yyy Х 19 _ c 
g stress > 7360 =611 kg/cm? 


Total direct stress, f=318+611=929 kg/cm? 


т.р 
Shear stress, q=> = 0000 0 =421 kg/cm? 


Maximum Principal stress, 
FLOR EE! 
—1x929.- 34/9292 1:4 x 4212 
=464°5 + 627 = 1091-5 kg/cm? 
Maximum shearing stress, 


Ятах =, —fo) =hV/f?+4q? 
= 627 kg/cm?. 
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4, A flywheel weighing 600 kg is mounted on a shaft 8cm in diameter 
and midway between bearings 60 cm apart, in which the shaft may be assu- 
med to be directionally free. If the shaft is transmitting 40 horse-power 
at 360 г. p. m., calculate the principal stresses and the maximum shearing 
stresses in the shaft at the ends of a vertical anda horizontal diameter in 
a plane close to that of the flywheel. (Engineering Services, 1968) 


Consider a section close to the flywheel. 


Bending moment, M= ү = 00 —9,000 kg cm 


4 
Shearing force, ғ= 7 =300 kg 
_ 40 2t x 360T 
Horse-power —40— 500 300 
T=79'6 kg m 


(a) Consider the ends of the vertical diameter. 
Stress due to bending, 
2 ЗМ 32х9,000 _ d 
f= ae рх =179 kg/cm’ 
Shear stress due to torque, 
16T _ 16x7,960 _ 79-9 kg/cm? 


4D xx 83 


Shear stress due to F is zero. 
Principal stresses=4 f+ 4y J+ 
24x194} TIER TS 
=209 kg/cm? and —30 kg/cm? 
Maximum shear stress, 
dnas =3( fı f) =4(209+30)= 1195 kg/em?. 
(b) Consider the ends of the horizontal diameter. 
Stress due to M=0 
Shear stress due to T=79'2 kg/cm? 


Shear stress due to F 
4 Е 4x300x4 7-96 к : 
—*47 3xaXB o 796 kg/cm 
Maximum shear stress, 
79:2-- 1:96 28716 kg/cm? 
= 48716 kg/cm’. 


max = 


Principal stresses = + qmaz 
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exceed 350 kg/cm? ? (Lond. Univ.) 


27019 —84)= 4 
LEAS. 8^) «6,030 cm 


Н. Р.=475= 27X 2207 
? 


T=1,546 kg m 


2 
T, Mx J= 2х 30x 6,030 
=264,000 kg cm 
=2,640 kg m 
But Te = / MP1, 5462 
VM? + 1,546 =2,640 


Solving M —2,140 kg m. 
at 250 r. p. m. and 
Calculate the maxi- 


(Lond. Univ.) 


Н. Р.=2,500—2=х 2507 
4,500 
Т=7,160 kg m 
Shear stress due to T 


Ae = 16x716,000 
g nD — rX20 — 


=456 kglcm? 
Let f be the total direct stress, 


Then maximum Shear stress 


7800 —/ fap age 
=} VF 4567 


Kearranging and squaring 
1,6002 = f24.4 x 4562 
f=1,315 kg/cm? ` 
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Stress due to bending 


32M _ 32% 500,000 _ 637 kg/cm? 


к. прз mx 203 
Stress dut to end thrust 
=1,315— 637 =678 kg/cm? 
End thrust а 202 х 678 = 213,000 kg 


— 213 tonnes. 


7. А hollow steel shaft 9 cm external diameter and 2:5 cm thick trans- 
mits 300 h.p. at 250 г. р. m. and is subjected to an axial thrust of 5 
tonnes in addition to a bending moment M. Determine the value of М 
if the greater prihcipal stress is limited to 900 kg|cm?. What is then the 
value of the smaller principal stress? (Lond. Univ.) 


A- T (9—4) =511 om? 


I = (91-4) =309 om! 


1.309 - 28% 2507 
Н. Р.=300= 4,500 
Т=859 kg т 


Shear stress due to 7, 


T. D. 85900x9 _ : 
9-5 * 57 3x 39x2 "625 kelom 


Let f be the total direct stress. 
Maximum principal stress, 


fı =900=3/+3/Л+4х 625 


Rearranging and squaring 
(1,800 — /)=/2-+4 х 625° 


f=466 kg/cm“ 


5,000 
11 


=97:8 kg/cm? 


Я Р 
Stress due to axial thrust = 
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Stress due to bending= 466 —97:8 
=368:2 kg/cm? 
°2 x 30! 
M 368 2x 9 
— 25,300 kg cm 
Let f, be the smaller principal stress. 
Then fith= 
fs — f— fı =466—900 
= — 434 kg/cm? 
Negative sign indicates tensile stress. 


Bending moment, 


8. If a shaft having a diameter of 10 cm is subjected to a bending 


moment of 65,000 kg cm, in addition to the torque which it transmits, find | 
the maximum torque allowable if the direct stress in the shaft is not ta | 


exceed 800 kg/cm? and the shearing stress is not to exceed 550 kg/cm}, 
State clearly which of the two limiting stresses is reached and determine 


the maximum value of the other stress, (Lond. Univ.) | 
LX ра. з 

Ме 352. 32х10 x £00 
=78,500 kg cm 


But Me=4{65,000+- »/65,0002 +7°] 
4[65,000 + \/65,;000=- 7*]— 78,500 
Rearranging and squaring, 
65,0002. T? = 92,0002 
Solving T= 65,100 kg cm 


STDs goe کر ھل‎ 
T 162 4 10 x 550 


= 108,000 kg cm 
But T,— /65,0002 + Т? 
^ 65,000+ T= 108,000 
Squaring 65,000+ T? = 108,0002 
Solving T= 86,200 kg cm 
Hence maximum allowable torque 
=65,100 kg ст from direct stress criterion. 


Equivalent torque= V65,000?+ 65,100: =92,000 kg cm 


т 16 х 92,000 
Shearing stress= axon 7469 Кејт, 
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9. At a point оп the surface of a solid circular shaft of 15 cm diameter 
subjected to combined bending and torsion, the principal stresses are 
1,200 kg|cm* tension and 400 kg/em* compression. Find the bending 
moment and torque. 

Ifthe maximum shearing stress in the material is limited to 1,000 
kg|cm*, find by how much the torque can be increased, the bending 

(Lond. Univ) 


moment remaining constant. 


We know that lus / M?+T?) 23504 


Hence lure МЕТ 2 x 15x 1,200 
ог MV M24 T? —195,000 kg cm an (1) 
апа Цм-м+Тї1= — 2 x 158% 400 
2 22 
ог M-4 М?+Т = — 265,000 ке ст .. (2) 
Adding equations 1 and 2 
2М=530,000 ~. M =265,000 kg cm 


From equation | 
265,000? + T? =(795,000— 265,000)* 


Solving T—459,000 kg cm 


Equivalent torque, Те 
к к 
= D3.q=— 152 x 1,000 
те ТБ 


—663,000 kg/cm 
But T, — V 265,000? + T* 
265.0002 4- T? = 663.000 


Squaring 265,000? + T= 663,0002 
. T=608,000 kg cm 


Increase in torque 
= 608,000 — 459,000 = 149,000 kg cm. 

10. Find the dimensions of a hollow steel shaft, internal diameter=0°6 
external diameter, to transmit 200 horse-power at а speed of 250 х. р. m. 
if the shearing stress is not to exceed 700 Кејт". 

If a bending moment 0 is now applied to the shaft find 
the speed at which it must be i mit the same horse-power 
for the same value of the maximum 5 (Lond. Univ.) 
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T Dt —(0`6Р)4] 20:0855p« 


—200— 252507, 
(а) Н. P.—200— = 
Т, = 573 kg m 
2 

But T= xJ 

2x700x00855D* _ 57,300 

тт р 

57,300 
3 › 

2 P= т00ко "0855 
Solving D=782 cm 


4= 0'6D = 4-69 cm. 
(b) Equivalent torque, Т, 


-55-/MtXT2 


= \/300+ 7,2 
ог 300? + 7,2 =5732 
Solving T,—488 kg m 
For transmission of the same horse-power 
МТ, = М,Т, 
ог 250 х 573 =N; х488 
М» = 294 г. р. т. 


11. A shaft 12 cm diameter is subjected to 


its axis, Thereisa bending moment on the shaft equal to half the twist- 


ing moment. If the maximum stress is 900 kg/cm*, find the Н. P. which 
can be transmitted at 120 г. p.m. 


M=iT + 


= 15,000 x 4 
Stress due to thrust = TECH =133 kg/cm? 


athrust of 15 tonnes along 


Stress due to bending moment, 


Total direct stress, f=133 +% 
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Shear stress due to torque, 
— 167 . 
ра = 
Maximum principal stress 
2900 —1(133 + fo) t3V(133 + fo)? + 4f? 
Rearranging and squaring 
(1,667 — fr)? = (133 + fo)? + 4/2 


or 472+ 3,600 fp — 2,761,000 — 0 
Solving fo =495 kg/cm? 
zD? 5. пх123х 495 
ее Ле 
=167,900 kg ст 
=1,679 kg m 
_2пх120х 1,679 . 
H. P.= 1500 7l. 


12. A steel shaft, supported in hearings А and B at its ends, carries a 
pulley at C as showa in Fig. 1. Power is applied by a torque T at A and 
taken off through a belt overrunning the pulley, the tensions iu the two 
branches of the belt being as shown. The allowable stresses for the shaft 
in tension and shear are 800 kg/cm? and 400 kg/cm?. Find the diameter 


of the shaft. 
[2 «а 


150 kg 50 kg 


Between А and C torque, 
T —(150— 50)30 —3,000 kg cm 


Maximum bending moment at G 
(150+ 50017551 —120 kg m 
LOU) ce 
М= 7-5 


=12,000 kg ст 


The weakest cross-section 1S C. 
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М.=312,000+ 4/12,000? + 3,000? ] 


=4{12,000+ 12,370] 


—12,185 kg cm 
But Me=5 Dx 800 
= ps = 
3575800 = 12,185 
12,185х32 
3-03: Ee 
9r nx 800 
Solving D-537 cm 
T, — 4/ 12,0002 4- 3,000? 
=12,370 
But т.=т6р? x400 


gP x 400 = 12,370 


_12,370х 16 
~~ «x 400 


Solving D — 5:40 ст 
Adopt 5:4 cm diameter. 


or D3 


13. In Fig. 2, Сапа D are two wheels keyed to a shaft 2 cm diameter 
The wheels are acted on by tangential forces as shown, so that the torque 
transmitted i$ 250 kg спа. The shaft is carried in bearings at А and B. 
Determine the shear stress due to torque, longitudinal stresses due to 
bending, and the principal stresses, for the top point of the cross-section 


at P. 
9 
Taking moment about В 


К х50=25х35+50х15 
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у=32°5 kg on 
Ry +Rg=25+50=75 kg 
R,=42 5 kg 
Bending moment at P, 
M =32°5 x 25—25 x 10=562:5 kg cm 
Shear stress due to torque, 


_ 16Т _ 16x 250 _ 9 
баре SERE: БВК 


Direct stress due to bending, 


004 = 32× 5625, = 716 kg/cm? compression 


Principal stresses 


=} x 716 + 4/71624 x 159° 


= +749-5 kg/cm? (comp.) and — 33:5 kg/cm? (tension). 


14. A single-throw crank-shaft is supported in two bearings, the dis- 
tance of the centre of the crank-pin being 30 cm to one of the bearings and 
45 cm to the other. The crank length is 25 cm and the crank-pin is 10 cm 
diameter. The maximum thrust on the crank-pin is 5 tonnes and occurs 
when the crank and connecting rod are at right angles. Work is taken 
off from the crank-shaft at a point adjacent to the nearer bearing. Deter- 


mine the maximum direct and shearing stresses in the crank-pin. 
(Lond. Univ.) 


Fig. 3 


Torque T transmitted through the shaft 
= P.r 25,000 x 25 = 125,000 kg ст 


Reaction R, at the bearing 4 
__ 500045 _ 3,900 kg 
Y 75 
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Reaction R, at the bearing B 
_ 5,000 x 30 —2,000 kg 
75 

Bending moment on the crank-pin at C, 

Мс=30К, = 45 К, = 90,000 kg cm 
Torque on the crank pin at С, 

Те=Т-г.Вл=г.Вь = 50,000 kg cm 
Equivalent bending moment at C, 


М.=390,000- »/90,0002 + 50,0002] 
=4(90,000+ 103,006] =96,500 
Maximum direct stress, 


ps 32M. _32x 96,500 
лр? nx 103 
=983 kg/cm? 
Equivalent torque at C, 


T.=+/90,000? + 50,0002 = 103,000 


Maximum shear stress, 


_ 16T-_ 16x 103,000 
Imar = — = ——____ 
таз nx 103 
= 525 kg/cm?. 

15. The crank-shaft of a single cylinder engine is shown in Fig. 4. 
When the crank and connecting rod are at right angles the effective force 
in the rodis 30 tonnes. The work is entirely taken off at the right-hand 
end of the shaft, and the bearings may be assumedto exercise no restraint 
onthe shaft, Calculate the bending and twisting moments on the crank- 


pin, and find the maximum direct stress induced, the pin being 30 cm 
internal and 52 cm external diameter. (Lond. Univ.) 


Fig. 4 


(Ans. 1,080 t cm, 720 t cm; 96:9 kg/cm’) 
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16. (a) A solid circular shaft of radius r and diametral moment of 
inertia Jis subjected to a bending moment Мсоза and a twisting moment 
Msing. Show that the maximum shearing stress has a constant value 


1MKfor all values of а where k=. 


(6) An engine has an overhung crank-shaft and its stroke is 30 cm. The 
centre line of the crank-pin and the connecting rod is 20cm distant from 
the centre of the supporting bearing A thrust of 4,000 kg actson the crank- 
pin at right angles to the crank. Determine the diameter of the shaft if 
the stresses in tension and shear are not to exceed 700 kg/cm? and 400 
kg/cm! respectively. (Engineering Services, 1959) 


(a) Equivalent torque, 
T,— у (Mcosa)? + (Msina)? =M 
Maximum shearing stress, 


M 
Amaz Т" 
=4MK 


(b) See Fig. 5. 


C.L. of bearing 


Fig. 5 


Bending moment at the bearing, 
M =4,000 x 20= 80,000 kg cm 


Torque at the bearing, 
T=4,000 x 15 =60,000 kg cm 


M,=3{80,000-+ \/80,000° + 60,000°] 


=90,000 kg cm 


к 
=2_р3х700 
But Me 3 
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sina г. А рзх700 =90;000 
; 32 


390,000 x 32 


9n nx 700 
Solving 2 ‚В= 10:94 cm 
3 T, — 4/80,000? 4- 60,0002 
^. =100,000 kg cm 

Bat T, D' x 400 

тє x 400 = 100,000 

_. 100,000 x 16 

г рї mx 400 
Solving D=10°84 cm 


Adopt 10°94 cm diameter. 


17. Two views of an overhung crank are shown in Fig. 6, a force of 
2,000 kg being applied to the crank-pin in the direction shown and at a 
distance 16 cm from the centre of the adjacent bearing. The crank-shaft 
is of solid section of 9. cm diameter. Calculate the maximum principal 
stress and maximum shear stress in the.section of the shaft 2t the centre 
of the bearing. (Lond. Univ.) 


tot of hearing 


Fig. 6 
At the bearing, 
M =2,000 x 16 =32,000 kg cm 


Т= 2,000 x length ОА =2,000 x 16 sin60 
=27,700 kg cm 
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M e= 3(32,000 + /32,0002+ 27,700") ^ 
=37,150 kg cm 
Maximum principal stress, 


32M 32x 37,150 2 
f= ET چ‎ =739 kg/cm? 


T, — r / 32,0002 + 27,700? =42,300 kg cm 
Maximum shear stress, ) 
2 
16T,. 16x 42,300 —421 kg/em? 


Qmaz =D? тх ЁЗ . 

18. A steel shaft ABCD of circular section is 144 cm long and is support- 
ed in bearings at the ends А and D. AB=54 cm, BC—36 cm and CD— 
54 cm. The shaft is horizontal and two horizontal arms, rigidly connected 
to the shaft at В and C, project from it at right angles on opposite sides. 
The arm at B carries a vertical load of 2,000 kg at 24 cm from the shaft 
axis, and the arm at C carries а vertical balancing load at 30 cm from the 
axis, 

If the shearing stress is not to exceed 800 kg/cm*, determine the miri- 
mum permissible diameter of the shaft. Assume the bearings give 

(Lond. Univ.) 
(Ans. 8:9 cm.) 


19. An engine shaft, 15 cm in diameter and 3 metres long between 
centres of bearings, transmits 250 В.р. at 80 r.p.m. The maximum 
twisting moment cxceeds the mean by 25 percent. The shaft carries a fly- 
wheel weighing 2,500 kg at a mean distance of 1 metre from the centre of 
one of the bearings. Find the maximum tensile and shear stresses induced 
ju the shaft material. Neglect the weight of the shaft itself. 

(Engineering Services, 1965) 


simple point support to the shaft. 


2,500 #9 
A c B 
т 2m 
Ra fa 
Fig. 7 


g 23 =1,667 kg 


Bending moment at G, 
М =1,667х1 =1,667 kg m 
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This is the maximum bending moment. 


_ 2n X ВОТ nean | 
H. > | 


T mean =2,240 kg m 


Ттах= 1°25Tmean =2,800 kg т 
Equivalent bending moment, 


Me=4[1,667 + /1,667°+ 2,8002] 
—3[1,667 4- 3,259] 
=2,463 kg m 
Maximum tensile stress, 


vac 32M. _ 32x246,300 
а ur 


E nxiss 7143 kgem* 


Equivalent torque, 


T, — 4/1,6672 4- 2,8002 =3,259 kg m 
Maximum shear stress, 


167, | 16x325,900 


Imar = xD? 2х [53 


=492 kg/cm?, 


20. A shaft transmits 1,000 horse-power at 750 r.p. 


m. The maximum 
torque on the shaft 


exceeds its mean value by 80 percent. The shaft is 
earings 3 metres apart and carries at its middle a 
„000 kg. Due to fluid Pressure on the piston the 
d at the point where the flywheel is located to а bend- 


ing moment which may be taken as numerically equal to 


80 percent of 
the mean twisting moment. 


respectively, calculate the | 
these values, (Engineering Services, 1954) 


2л x 750T, 
1. Р.= LA mean 
Н 1,000 4,500 


Ттеап 7:955 kg m 
Maximum T= 1°8 x 955 1,719 kg m 
Maximum bending moment at the centre 


£ =290 233 =3,750 kg т 


Bending moment due to fluid pressure 
=0:8x955=764 kg m 


Total 


But 


or 


Solving 


But 


or 


Solving 


21. A propeller of 6 tonnes w 
meter and overhangs the supporting b: 
000 h. p. at a speed of 300 r. p. m. 
calculate the principal stresses at the following points on the 


receives 4, 
15 tonnes, 
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M —3,1504- 764 24,514 kg m 
М.=34,514+ 4,5142 + 1,7197] =4[4,514-+ 4,830] 
—4,672 kg m=467,200 kg cm 


=p 
Me 320 х 650 


рз 2467,2 

350 x 650 —467,200 

- 467,200 x 32 
пх 650 

D.= 19:42 cm 


T, V/4,5141 - 1,719* =4,830kg m 


—483,000 kg cm 


D3 


Te= jg D^ x 400 


AA x 400 = 483,000 


_ 483,000 x 16 
x x 400 
D =18:32 cm 
Adopt 19-42 cm diameter. 
eight is carried by a shaft of 22 cm dia- 


racket by 44 cm. The propeller 
И the propeller thrust is 


рз 


surface of the shaft: 


(а) when the p 
(b) when it is at the end 
when it is at the top of the shaft. 


(c) 


oint is at the bottom of the shaft, 
of the horizontal diameter, 
(Engineering Services, 1964) 
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At the bearing, 
Shearing force, F=6t 
Bending moment, M—6x 44—264 t cm 


— 4000 27x 3007 
H. P. 4:000 SEDI 


Т=9,550 kg m 
(a) Bottom of the shaft : 
Stress due to thrust Р, 


Р _ 15,000x4 u. j 
d x I =39°5 kg/cm (comp.) 


-.3M 32x 264,000 
Stress due to 5 = = 


=252'5 kg/cm? (comp.) 
Total direct stress, 
1=39:5+252-5—292 kg/cm? (comp.) 
Shear stress due to Т, 


LOT 16x955.000 
1-753 = Wx — =457 kg/cm? 


Shear stress due to F= 0. 


Principal stresses =} x 292 + 4292244x 4572 


= +626 kg/cm? (сотр.) and — 334 kg/cm? (tension 
(b) End of the horizontal diameter 9 
Stress due to P, f=39°5 kg/cm? 
Stress due to M=0 


Shear stress due to T=457 kg/cm? 


(comp.) 


Shear stress due to F=f Е _ 4х6,000х4 
SN Зхлх 222 


=21 kg/cm? 
Total shear Stress, 9=457+21 =478 kg/cm? 


Principal stresses =} x 39:5 + 1V395:14x 4783 


= +498 kg/cm? (comp.) and —459 kg/cm? (tension) 
(c) Top of the shaft : 


Stress due to P—39:5 kg/cm? (comp.) 
Stress due to M = 252.5 kg/cm? (tension) 
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Total direct stress, /=252-5— 39:5 =213 kg/cm? (tension) 
Shear stress due to T, g=457 kg/cm? 
Shear stress due to /=0 
Principal stresses =} x 213 + 4/2134 x 457° 
= +5755 kg/cm? (tension) and —362:5 kg/cm? 
(comp.) 


22. A hollow shaft of external diameter 32 cm and internal diameter 
20 cm, turning at 150 r. p. m. is required to drive a screw propeller fitted 
toa vessel whose estimated speed is 30 km/h for an expenditure of 12,000 
shaft h. p., the efficiency of the propeller being assessed at 7095. Calculate 
the values of the principal stresses and the maximum shearing stress at 


a point on the outer surface. 


A- * (322—207?) 2490 cm? 


J = X (324—204) =87,200 cm* 


Shaft h. р.= 12000-28717 
Т=57,300 kg m 
Work done by shaft — 12,000 x 75 kg m/sec 
Work done by propeller —0:70 x 12,000 x 75 
—630,000 kg m/sec 
But work done by propeller/sec 
=Thrust x distance moved/sec 


30 x 1,000 


630,000 =P x 05060 — 


ог End thrust P=75,600 kg 
Direct stress due to P, 


75,600 : 
LI) 154. К cm? 
f-—390 8! 
Shear stress due to 7, 


5,730,000 x 16 _ | 051 kg/cm? 
iU e. sn 
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Principal stresses — 1 x 154 + 37/154 +4х 1,0517 
= +1,131 kg/cm? and —977 kg/cm? 
Maximum shear Stress, 


Imax =H f, == 1,131 +977) 
= 1,054 kg/em2, 


23. А Propeller shaft of a Ship is 45 cm diameter and it supports a 
Propeller of weight 15 t, The Propeller can be Considered as 4 load con- 
centrated at the end of a cantilever of length 2 m. The propeller is driven 
at 100 rev./min. when the speed of the ship is 32 km/h. If the engine 
develops 20,000 h. P., calculate the principal Stresses in the shaft and 


he propulsive 


24. A shaft 10 cm diameter and 2 metres long {5 fixed at both ends 
and supports a load of 2,500 kg from the rim of a Pulley 60 cm in diameter 
аз shown in Fig. 9. The weight of the Pulley i Find the maxi- 


2,500 Kg 
Fig. 9 
Maximum bending moment at the Support 4, 
2,500 + 500)80 x 1 202 
hs 25004-50080 x rone 786,400 kg cm 


Torque transmitted, T —2,500 x 30 
775,000 kg ст 
Let T, be the torque carried by the length 4C and T, by the 
length BC. 
Since twist at C will be same for the two lengths, we get 
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Also Т,+Т,=175,000 kg cm 

T =45,000 kg cm, Т.=30,000 kg cm 
The cross-section at А is the weakest. 
32M, _ 32× 86,400 _ 


хрз 1х — 


Stress due to M,, f= 880 kg/cm? 


Shearing stress due to Т}, 
_ 167; _ 16 × 45,000 _ 399 kg/cm? 


aD? zxlü' 
Maximum principal stress, 
f, 3x 880-447 8804x7297 
=936 kg/cm?. 
25. A 6 cm diameter shaft supported in bearings carries an 80 cm 
diameter pulley weighing 250 kg at an overhanging end of the shaft as 


shown in Fig. 10. Calculate the principaltensile stress at the section А if 
the horizontal belt tensions are as shown. 


250 kg 


Ls 875 kg 
saara li 
80cm 
sly 125kg 
15 cm 
Fig. 10 


At the section А, 
Torque Т=(875-125)40 =30,000 kg cm 


Bending moment in the vertical plane, 
M,=250x 15=3,750 kg ст fee. WE т УА >21 
Bending moment in the horizontal plane, 
My = (815 +125)15 = 15,000 kg cm 
Resultant bending moment, 
M= MEE Mè = V 31504 15,000" 


=15,460 kg cm 


Equivalent bending moment, 
M.=}[15,460+ у 1 5,460? + 30,0007] 


—24,600 kg em 
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inei _ 32M. _ 32x 24,600 
Principal sttess = = s" а sapie 


=1,160 kg/cm. 


25. Determine the necessary diameter for a uniform shaft carrying two 
equal pulleys 80 cm in diameter and weighing 200 kg each as shown in 
Fig. 11. The horizontal forces in the belt for one pulley and the vertical 
forces for the other are shown in the figure. The permissible shear stress 
in the shaft mate rial is 400 kg/cm?, 


Fig. 11 


The weakest cross-sections are B and C, which carry the full torque 
and the highest bending moments. 
Torque T at both B and C 
=(800—200)40 =24,000 kg cm 
Bending moment at В in the vertical plane 
= — (800+ 200+ 200)15 = — 18,000 kg cm 
Bending moment at C in the horizontal plane 


2 wa oe _ (800-4-200)80 
TT К НЫЕ дек 


Bending moment at С in the vertical plane 


_ 200x80 _ 1,200x 15x40 
4 80 


= — 5,000 kg cm 
Combined bending moment at C, 
М=У 20,0002 5,060? 20,600 kg cm 


This is larger than the bending moment at В. 


=20,000 kg cm 


ә 
> 
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Equivalent torque at C, 
Т.=\М M?+T? = /20,600?+ 24,000? 


=31,600 kg cm 
But Т.т D3 x 400 


1 x 400 —31,600 


s. 31,600 x 16 
Уч пх 400 
Solving D=738 cm. 


27. A shaft supports the belt pulley A and the pinion B at the over» 
hanging ends as shown in Fig. 12. The forces acting and necessary dimen- 
sions are also shown in the figure. The belt pulley is 90 cm in diameter 
and 160 kg in weight. The weight of the pinion is 40 kg and its pitch circle 
diameter is 30 cm. Calculate the pressure P on the tooth of the pinion and 
the diameter of the shaft if the shear stress is not to exceed 500 kg/cm?. 


40kg 500%9 


Pimons/40 kg 


Pulley = 16049 


Fig. 12 


For rotational equilibrium 
Px 15=(750—500)45 
P=750 kg 


The weakest cross-sections are C and D, which carry the full 


torque and the highest bending moments. 
Torque T at both C and D 
=(750 —500)45= 11,250 kg cm 
| Bending moment at D in the vertical plane 
| = (750 +40)18= 14,220 kg cm 


Bending moment at C in the vertical plane 


= 160 x 25= 4,000 kg cm 
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Bending moment at C in the horizontal plane 
= (750 + 500)25-= 31,250 kg cm 
Combined bending moment at C, 
МЕХ 4,000?+ 31,250? =31,500 kg cm 
This is larger than the bending moment at D. 
Equivalent torque at C, 
T,— y M*- T? —4/ 31,500°+11,2502 
733,400 kg cm 


But e ЛА Yn 
е 162 х 500 
162° 500 = 33,400 
ог ps 33,400 x 16 
nx 500 
Solving D —6:98. cm. 


— 


CHAPTER II 


r 


CLOSE-COILED AND OPEN-COILED HELICAL SPRINGS 


1. A close-coiled belical spring made of 12 mm round steel has 12 coils 
and the mean diameter of the coils is 16 cm. The spring is subjected to 
an axial load of 15 kg. Determine the elongation, intensity of torsional 
stress and strain energy per cubic cm under the loaded condition. 
С=0-84х 10° kg/cm?. 

If the axial load is removed and an axial torque of 100 kg cm is applied, 
determine the axial twist, intensity of bending stress, and work stored per 
cubic cm in the spring. E—2:1x 10° kg/cm?. (Engineering Services, 1960) 


(a) Axial load : 
_ 6AWR*n _ 64х 15 х 83x 12 


8= си 034х105 х Га 
=3:39 cm 
q= LOWR _ 16x 15х8 
лаз пх 1:28 
= 354 kg/cm? 
2 
Una 


UAR 3542 E n. 
V  3x084xios — 00373 kg em. 


(b) Axial torque : 
_ 128MRn  128x100x8x12 


| Ed 271х109 1-28 
=0°282 radian 


32M _ 32x100 _ 5 
P= IPPSDIM =589 kg/cm 


REE 

=e 

U ____ 58%  . 0-0207 kg cm. 
V 8x21x 108 


2. A closely coiled helical spring is made out of round steel У са 
in diameter, the coils having a mean diameter of 8 cm. What а P 


P.S.M. (п)-3 
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-will produce a shear stress of 1,400 kg/cm? ? If the modulus of rigidity 
of the wire is 8 x 10° kg/cm? and the spring has 20 coils, how much will the 
spring extend under this pull and how many kg cm of work must be done 


in producing this extension ? (Engineering Services, 1967) 
nd? 
T=WR= 16 xq 
пх (06)? x 1,400 
or Wx4- 16 
W —1484 kg 


m 64x 14:84 x 43 x 20 
8x 105 x (06): 
—11073 cm 
Work done 23W$8- } х 14:84 x 11°73 
= 87 kg cm. 


3. It is required to design a close-coiled helical spring which shall 
deflect 1 cm under an axial load of 10 kg with a shear stress of 900 kg/cm’. 
The spring is to be made out of round wire having a modulus of rigidity 
of 8x 105 kg/cm?, and the mean diameter of the coils is to be 10 times the 
diameter of the wire. Find the diameter and length of the wire necessary 


to form the spring. (Engineering Services, 1966) 


=W Ет 8 
T=WR ig x<4 


or 10x 5d— d: x 900 
or 25 
d— 0:532 cm 
D=10d=5°32 cm 
= 64W Rn 
Са 


is 64x 10 x (5d x n 
8x 105 x di 
п=104=5'32 cm 
L=rDn=nxx 5'32 x 5°32 
=88'9 cm. 
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4. A close-coiled helical spring is required to have an axial stiffness of 
5 kg per cm and an angular stiffness of 1 kg cm per degree angle of twist 
If the spring is made of steel wire 6 mm diameter, find the mean diameter 
of the coil and the number of turns required. Assume E=2 x 10° kg/cm? 
and C=0°8 x 10° kg/cm?, (Engineering Services, 1957) 


Axial stiffness = 
А _ 0:8 х 10° x (0°6)! 
Le; 5= ann 

Езп=324 на (1) 


o M_ Eds n 
Angular stiffness Е ВО 


L2x10x(06*. x 


l T28Rn ^ 180 


ре, 
Rn=353 sa 19) 
Dividing (1) by (2), 
324 
2—22° —9: 
555 918 
R=3:03 cm 
D —6:06 cm 
353 _ 11-65, 


From equation 2, n= 303 = 


5. A close-coiled helical spring of circular section has a mean coil 
diameter ot 8 cm. When subjected to a torque of 40 kg cm about the axis 
of the spring there is an angular rotation of 60 degrees, and when an axial 
load of 20 kg is applied, the spring extends 10:6 cm. Determine the value 
of Poisson's ratio for the spring material. (Lond. Univ.) 


_ 128MRn 
1- m 


т | 128x40x4n 


i. e., 3: Ed 
Ей _ 128х480 UN 
um DONT 

64W Rîn 


rE 
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10-6— 64% 20x 64n 


Саз 
Cd* _ 64x 20x 64 ел о) 
т ч 1 0:6 


Dividing (1) by (2), 
Е _ 128 х480х 10:5 _ 


20 
С nx64x20x64 


We know that E=2¢(1 +1) 


E 1 

— = —}=2°53 
or E (1+1 2 

l —0-265 

m 


6. A close-coiled helical spring of circular section extends 1 cm when 
subjected to an axial load W, and there is an angular rotation of 1 radian 
when a torque T is independently applied about the axis. If D is themean 


coil diameter, show that ED: ا"‎ where де is Poisson’s ratio. 
и 4 т т 


Determine Poisson’s ratio if D=8 cm, a load of 25 kg extends the spring 
15 cm and a torque of 35 kg cm produces an angular rotation of 60°. 

(Lond. Univ.) (Ans. 0:253.) 

7. Close-coiled' helical springs having п turns are made of round wire 
such that the mean diameter of the coils D cm is ten times the wire 
diameter. Show that the stiffness in kg/cm ior any such spring is 


(2) xconstant, and determine the constant when C=8 x 105 kg/cm?. 


Such a spring is required to support a load of 100 kg with an extension 
of 10 cm and a maximum shear stress of 3,500 kg/cm?. Calculate (a) its 
weight, (b) mean coil diameter, (c) number ofturns. The material weighs 
0:0078 ке стаз, (Lond. Univ.) 

; W Cd CD: 

Stiffness K—— = = ——— __ 
5 8031 8D%nx 10 
= бер 

8x 10n 


_8х 1082 
8 x 1015 


2 x10 
п 
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Required constant=10 


Energy stored U=4Wé=4x100x 10 
=500 kg cm 
CNET 
Also U 4С хи 
t _ 3,5002 
che ЕЙ 
6,400 
И 3 
Tu 
Weight - $220. x 0:0078— 1:019 kg 
-WD к 
Дейт gor 0 
100хр x, рз 
cr 5 rex 1.000 x 3,500 
1,600 
or D*- 77 
D —8:53 cm 
а _W_ 100 _ 
Stiffness ЕО 
i.e. D x10=10 
n 
n= D=8'53. 


8. A close-coiled helical spring is to have a stiffness of 90 kg per metre 
of compression, a maximum load of 4kg and a maximum shearing stress 
of 1,200 kg/cm. The solid length of the spring (ies when the coils are 
touching) is to be 4:6 cm, Find the diameter of the wire, the mean radius 
of the coils and the number of coils required. C—4x 10° kg/cm?. 

(Lond. Univ.) 


-WR2Edx 
T=WR id q 


er 4x Re dx 1,200 


R=58'9d3 (1) 


Solid length =п1=46 


30 PROBLEMS IN STRENGTH OF MATERIALS 


cop % 5 (2) 
А EE 
Stiffness = SaRin 
4х 10544 
Wee 09= 64 зп 
or Rin = 62500 a (3) 


Substituting the values of А and п in equation 3, 
.97/3)8 x 46. — 62,500 д 
(58-9483) RET 
_ _ 62,500 
` 9x46 x (589) 
а=0:293 ст 
From equation 1, К = 58:9 x (02939 = 1:482 cm 


or d* 


4'6 


tion 2, i= 
From equa "= 0393 


=157. 


9. A close-coiled helical spring is made of steel wire 6 mm diameter 
coiled into 50 coils of mean diameter 5 cm. The modulus of rigidity of 
the steel is 8x10 kg/cm?. The spring is held fixed at the top and a 
load of 15 kg is allowed to fall through a height of 5 cm before engaging 
with a hook at the lower end of the spring. 


Calculate (a) the maximum extension of the spring and (b) the maximum 
stress in the wire. (Lond. Univ.) 


Let à be the maximum instantaneous extension. 
Let P be the equivalent gradually applied load which would 
produce the same extension 8. 
p O4PRin _64P x 2-59 50 
Са 8 x 105x (0 6)* 
Р= 2:078 
Loss of potential energy of weight 
=Gain of strain energy of spring 
ie. 15(5--8) = 1Р5 
ог 15(5+5) 2 1x 2:076? 
or 2:0782— 308 — 150=0 
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Solving 5= 18-4 ст 
- Р=2:07х 18:4 =38-1 kg 


Maximum stress, Я = stk = ae Э 


= 2,246 kg/cm*. 


10. A close-coiled helical spring is made of steel wire 6 mm diameter; 
it has 8 turns of mean diameter of 6:5 cm and the pitch of the coils when 
the spring is unloaded is 1:5 cm. Determine the axial load which when 
gradually applied will cause the coils just to close up. Take C—8x 105 
kg/cm?. 

If the spring stands on a rigid horizontal surface with the axis vertical 
and a load of 15 kg is allowed to fall freely on to the top of the coil, find 
the height through which it must fall in order just to closethe coils 


together. (Lond. Univ.) 
For 1 turn, $—1:5—0:6—0:9 cm 
a 64W Rèn 
meds 


_ 64AxW x6 5?x1 


i.e., 09= Ex 10x (06) x8 
W=42'5 kg 

Total displacement, A —8x0:9—7:2 cm 

Strain energy, U-AWA-ix425xT2 


=153 kg cm 


If the 15 kg load is initially л cm above the top of the spring, then 
potential energy given up by this load is 15(4+7:2) kg cm. 


15(h+7:2)= 153 


h —3 cm. 


re; 


11. Calculate the weight of a helical spring made of steel wire of circu- 
lar section which is required to bring to rest amass of 20 kg moving with 
a velocity of 4 metres per second. The maximum allowable stress in the 
spring is to be 6,000 kg/cm? and the modulus of rigidity is 8x 105 kg/cm’. 
Density of steel — 00078 kg/cm’. 

If the spring is made from wire 8 mm diameter with a mean coil dia- 
meter of 5 cm, .alculate the maximum deflection produced and the number 


of coils required. (Lond. Univ.) 
; Wy? _ 20 x 400° 
Kinetic energy of the mass ==> TII 


=1,631 kg cm 
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Strain energy stored in the spring, 


lay 
4C ` 
6,000? 
1. €, 158х105 = 1,631 
И —145 cm? 
Weight of the spring— 145x0:0078 = 1:131 kg 
V-aDnx-Lq: 
рих 
i.e, 7x 5 xXx 4 x (0:8)*= 145 
п=18'36 


Let P be the equivalent gradually applied load which would cause 
the same stress of 6,000 kg/cm? as is caused by the 20 kg mass moving 
with a velocity of 4 m/sec. 


Т=РК= 1 д3 
165 5 


or Рх25=т x (0:8)3 x 6,000 
Р=241 kg 
U=4P5=1,631 

i;e, 4x241 x = 1,631 
$ =13:54 cm. 


12. Find the weight of a close-coiled helical spring which would absorb 
the energy of a truck weighing 10 tonnes and moving at 1 metre per 
second if 

(а) the spring is compressed by the impact, 

(b) the spring is wound up by the impact. 

Working stresses: 3,500 kg/cm? in bending and 2,800 kg/cm? in torsion. 

E=2x10° kg/em?, C=0-8x 108 kg/cm?, 

The material of the spring weighs 0-0078 kg/cm’. 

(Ans. 162 kg, 519 kg) 

13. A close-coiled helical spring whose free length when not compressed 
is 15 cm is required to absorb strain energy equal to 500 kg cm when fully 
compressed with the coils in contact. The maximum shearing stress is 
limited to 1,400 kg/cm. - Assuming a mean coil diameter of 10 cm Jind 
the diameter of the steel wire required and the number of coils, 

С=8 x 105 kg/em?. (Engineering Services, 1958) 
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Let 5 be the deflection of the spring when fully compressed. 


Then ]15—6-— nd е (D 
Strai i v= q* КА 
rain energy ES р 
i 1,400? 
a (ту 0 ; 
че 309 4х8 х 105 
- , _ 40,000 з 
Em 49 cm 
But V=2nRn xd 
А А0000 = Dex xix d 
ne . @ 
d? 
T=WR=—_x 
16340 
or Wx5= af x 1,400 
W —55d* 
Strain energy (= 500 =4И/5 
=4 x 555 
3 18:18 
| "EL di m (3) 
| Substituting the values of n and ô in equation 1 
18:18 — 331 
| 15= En xd 
ТЕ 20967 
ог (5 (= 
ог di—221d:—Y212-0 
Solving d=2-42 ст 
331 2565. 


n= 


From equation 2, 2422 
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14. A composite spring has two close-coiled helical steel springs connec- 
ted in series; each spring has 12 coils at а mean diameter of 3 cm. Find 
the diameter of the wire in one of the springs if the diameter of wire in 
the other spring is 3 mm and the stiffness of the composite spring is 
72 kg per metre. 


Estimate the greatest load that can be carried by the composite spring 
and the corresponding extension for a maximum shearing stress of 
1,900 kg/em?. C—8: 105 kg/cm?. (Lond. Univ.) 


Let W be the load carried by the composite spring. 
Extension of the first spring, 
5 = 64W х 1°58 x 12 


` 8x 10Ex (03) 

—0'4W cm 

Extension of the second Spring, 
64W x 1:53х 12 


зт тке Тул 
_ 0003247 
= om 
Total elongation of the spring, 
5=5:+5, 
pe 0:00324W 
= 04W + A 
But A UAA 
К 0:72 
ogm 07003247 — W 
as 0:72 
0:00324 " 
or TS =0:989 
oh s 324 
98900 
Solving d—0:239 cm 
d3 
=WR= IL, 
16 7 
or we 4 


CLOSE-COILED AND OPEN-COILED HELICAL SPRINGS 35 


The limiting load will be found in the spring with the smaller 
wire diameter, i. €., 


_ > (0239)? x 1,900. 


И 16х15 
=34kg 
: 7а к 
Total extension, 5 =к OD 
=4:72 cm. 


15. Two close-coiled helical springs are compressed between two para- 
Пе! plates by а load of 100kg. The springs have a wire diameter of 2 cm 
and the radii of the coils are 5 cm and 7 cm. Each spring has 12 coils and 
is of the same initial length. Ifthe smaller spring is placed inside the 
larger one such that both springs deflect the same amount, determine the 
deflection of the springs and the maximum stress in each. 

С=6х10 kg/cm*. 

Let P, and Pa be the loads carried by the smaller and the larger 
springs. 
_ 64Р, x 52х12 _64P,x T7 X12 


bs Ber CX Со 
or Р, х 53=Рьх T 

А Рү=2'744Р, m nt) 
Also P4 P,—100 a c9) 


Solving equations 1 and 2 
Р.=73'3 kg and Р.=26'7 kg 


64x 73:3 x 53х12 t 
Hence = хх =0:733 cm 


Shear stress in the smaller spring, 


16х73:3х5 . i 
T =233 kg/cm 


Shear stress in the larger spring, 


= 162677 — 119 kgfem. 
лх 2 


т А Law He 

helical spring the inner spring is arrange 
gsm one, but is 1 cm shorter. The outer spring 
d the wire diameter is 3 mm. Find 


i 3 cm an 
Lugo е ifan axial load of 10 kg causes the outer 


16. In a com 
and concentric with 
has 10 coils of mean 
the stiffness of the inner spri 
one to compress 2 ста. 
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If the radial clearance between the springs is 2 mm find the wire dia- 
meter of the inner spring when it has 8 coils. C=8 x 105 kg/cm*. 
(Lond. Univ.) 


Load carried by the outer spring for a compression of 2 cm 
ا‎ се 8х 105 x (0:3)1x2 
64Rn ` 64 x (15) x 10 
=6 kg 
Hence the load carried by the inner spring 
=10—6=4 kg, fora compression of 1 ст. 
Stiffness of the inner Spring, K=4 kg/em 
D=3-0:3-2 x 0:2-d=23-d 


___ 8x 1051 
_ 8х (23—48 


(2'3—а)з 
ИЛ 
3,125 


Since d is small compared with 2°3, for first approximation 


or 


а — =o: 
d 3125 d—0:25 cm 
Second approximation 
dL EDU оду cm, 
3,125 
"Third;and final approximation 
"3—0: 3 
d= (2:3—0:229: d—0:231 ст. 


3,125 ы 


17. А vertical rod, 3 m long, 25 mm in diameter, fixed at the top end, 
is provided with a collar at the bottom end. A helical spring of mean 
diameter 24 cm, consisting of 5 coils of 4 cm diameter steel, is mounted 
onthe collar. А sliding weight of 550 kg is dropped down the rod on to 
the spring. Find the height, measured from the top of the uncompressed 
spring, from which the weight should be dropped to Produce an 
instantaneous stress of 700 kg/cm? in the rod. 

Find also the maximum Shearing stress in the Spring. 

Take E for rod as 7x 10° kg/cm? and C for Spring as 8 x 105 kg/em?. 


Assume the spring close-coiled, but not quite closed up tight by the 
action of the falling weight. (Lond. Univ.) 
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Elongation of the rod, 
700 
7x 10° 
Let P be the equivalent gradually applied load which would 
produce the same stress of 700 kg/cm? in the rod as is caused by the 
falling weight. 


x 300 =0:3 cm 


1= 


P=700x ч @5*= 3,440 kg 


This load will also act on the spring. 
Deflection of the spring, 


_ 64× 3,440 x 129% 5... 9.55 om 
“Bx 10х44 — 


Loss of potential energy of the weight 
=Strain energy stored in the rod and the spring. 


ô: 


1805 550(A-+ 51 + ò) = P8, + P8, 
ог 550(1 + 9:59) = 1 x 3,440 x 9:59 
h=20'4 cm 


Shear stress in the spring, 
_ 16х3,440х12 
=: хх 43 
=3,280 kg/cm?. 


18, Find the deflection and the angular twist of the free end of a helical 
spring of ten coils 25 cm diameter, made of 1 cm round steel, due Ко, ап 
axial load of 10 kg, if the helix makes an angle of 60° with the axis (i.e., 
a=30°). Estimate also the greatest intensities of direct and shear stresses 


inthe material. £=20x10° kg/cm, C—8 x 10° kg/cm. 
_ 64WR8n ( cosa , 2sin?a 
ë=- di cosa G E 
x 10х 12-53 х 10 x2 3 2 ) 
= 0 20< 


= 17°14 ст 
64W R?n sino. (c РА 2) 
ли О ЗЕ 


4x 10% 12°52* 10/1 _ | 
ах с 23х10 20x 10° 


38 


PROBLEMS IN STRENGTH OF MATERIALS 


radian -* o degrees 


=7`16 degrees 
Torque, T= W Rcosa 
Bending moment, B = И Rsina 
Equivalent bending moment, 


В.= В+ үу B2 4- T7] 
—J3[W Rsina + /W? Ата W2 R?cos?a] 


= FRO + sina) 


_ 10x125 1 
на) 


=93:75 kg cm 
Maximum direct stress 
f, —32Be_  32x93:75 
1 ad л 
=955 kg/cm? 
Equivalent torque, 
Те= V B+ T? =./ W2Rsinta 4- W? R?cos?a 
=WR 
=10х 12:5 =125 kg cm 
Maximum shear stress, 
167, _ 16x 125 


6 
Amaz vds: 


ш к 


=637 kg/em?, 


19, Ап open-coiled helical spring having 8 turns is made of steel 
wire of 6 mm diameter. It has a mean coil diameter of 8 cm, and a 


Е=20Х 10° kg/cm, C=8x 10 kg/em?, (Lond. Univ.) 
tana=P_ = 65 _ 0-2586 
7х8 


а =14° 30" 
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sina = 0:2504, cosa = 0 9681 
sina —0:0627, cosa —0:9372 
Torque, T=Msina 
Bending moment, B=Mcosa 
Equivalent bending moment, 


B, = 3[Mcosa + у M?cos*a + M*sin?a] 
=M (1 + cosa) 


—59(14-0:9681) 
—49:2 kg cm 
Maximum direct stress, 
y, 2B. 32x 92 
E zd? x x (0°6)* 
=2,320 kg/cm? 
Equivalent torque, 
T, — у М?соѕ?о + M ?sin*a =M 
=50 kg ст 
Maximum shearing stress, 
= 16Те _ 16x 50 
nd? rx (0'6) 
=1,179 kg/cm? 
Angle of rotation, 


64M Rn ((sin*a , 2cos*a 
9= сова N С “ЕТУУ 
_64х 50x 4x 8//0:0627 T 2x0:9372 
= (9:6) x 09681 8x 105° 20x105 


=0°829 radian. 


20. An open-coiled helical spring of 5 cm mean diameter is made of 
steel of 6 mm diameter. Calculate the number of turns required in the 
spring to give a deflection of 1-2 cm for an axial load of 25 kg if the angle 
of helix is 30°. Calculate also the rotation of one end of the spring relative 


to the other if it is subjected to an axial couple of 100 kg cm. 


E=21X10° kg/cm’, (0:84 x 10° kg/cm’. (Lond. Univ.) 


(Ans. 4°77, 0:689 radian.) 
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21. The diameter of the wire of a helical spring with 6 coils is 1 cm, the 
mean coil diameter 8 cm, the pitch of the coils 8 cm, Calculate the torque 
which, acting coaxially with the spring, will produce a shearing stress of 
3,000 kg/cm?. Calculate also the angular twist of the spring produced by 
this torque. C=8x 105 kg/em*., E—20 x 105 kg/cm?. (Lond. Univ.) 


гта E7239! 
sina —0:3032, соѕа= 0:9529 


sin?a— 00919, cosa = 0:9080 
Let M be the axial torque. 


Then T=Msine, 
B=Mcosa 
Equivalent torque, T,— J/B2-- T? 
=y M cosa + Мата = М 
лаз 


Te= 16 Х Imax 
ог М =F x 3,000 =589 kg cm 


a d'coso G + E 


64M Rn f sina eosa ) 


— 64x589x4x6 /0:0919 , 2x 09080 
0:9529 8х 105 20х 105 
= 0'971 radian. 
22. Find the mean radius of an open-coiled spring of helix angle 30°, to 
give а vertical displacement of 2:3 cm and an angular rotation of the loaded 


end of 0:02 radian under an axial load of 4 kg. The material available is 
steel rod of 6 mm diameter, E—20 x 10° kg/cm*. C=8 x 105 kg/cm?. 


(Lond. Univ.) 


g SW Rin ( costa. + 2sin2a 
dcosa C E 


те 2:3— rae ( 3 + 2 ) 
35 00:6) уз V4x8x105 4x20x 105 
К?п —849 esu (D) 


ox 64 Еизта (1 2: ) 
eed CE 
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ie. WAIT RECANTE T 
ў 0:02 (0:6): х2 \8x10® 20х10 
К?п= 81 
Dividing equation 1 by equation 2, 
849 
= 222 =10:48. 
R 8l 1 


(2) 


23. In ап open-coiled spring of ten coils the stresses due to bending and 
twisting are 1,000 kg/cm? and 1,100 kg/cm? respectively when the spring is 
loaded axially. Assuming the mean diameter of the coils to be eight times 
the wire diameter, find the maximum permissible axial load and the wire 
diameter for a maximum extension of 18 cm. E—20x10* kg/cm”, 


C—8 x 10° kg/cm’. 
Bending moment, B=WRsina 


05 
OU 


W x дата = 14. x 1,000 


32 
Wsina =24'5d? 
Torque, T=WRcosa 
_ лаз 
= 16 xq 


W x 4асоза = m x 1,100 


Wcosa =544? 
Dividing equation 1 by equation 2, 


апа= =0:4537 
і 54 


а= 24° 24' 
sina =0°4131, cosa =0°9107 
па = 0`1707, соба = 0.8294 


24:54 _ о-у 
From equation 1, т 2593 


64W Rîn Gm + 290 


= dicosa 


P. S. M. (11)-4 


(Lond. Univ.) 


(1) 


(2) 


(3) 
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о 64x W x 64d3 x 10 0:8294 | 2x0:1707 


Leo a dix09107  X8x105  20x105 
W —33:1d zc (4) 


From equations 3 and 4, 
59:3d2— 33:1d 


d=0'558 ст 
From equation 4, W=33'1 x 0:558 
—18:47 kg. 


24. If the close-coiled spring formula is used in finding the extension of 
an open-coiled spring under axial load, determine the maximum angle of 
helix for which the error in the value of the extension is not to exceed 1 
percent. Assume E—2:5 С. (Lond, Univ.) 


Extension according to close-coiled formula, 


в, SW Rèn 
ПЕС 


Extension according to open-coiled formula, 


in?‏ 2 ر3 
s= 64W Кзп / cos а 2sin =)‏ 


С dcosa V С Е 


Percentage error = 1 = эсе х 100 


3 


.l (cosa 4. 25inta 1 
CONE РУС: 
Iz l costa 2sin?as 
cos ( C E ) 


x 100 


— Ecos'a-F2Csin?a — Ecosa 
p Есоѕ?а 4- 2Csin?a йо 


_ 2'5Ссоза + 2Csin?a — 2:5Ccosa 
2:5Ccos?a + 2Csin?a 
Or 2'Scos*a + 2sin?a = 250cos*a + 200sin2a—250cosa 
or 247-Scos*a + 198sin?a —250cosa = 0 
or 49‘Scos*a — 250cosa + 198=0 
ог COS?a — 5`05с05а--4=0 


x 100 
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Solving cosa=: 0'985 - 
.. а=9° 54. 
5 25. Calculate the percentage error in the value obtained for the stiffness 
if the inclination of the coils is neglected for a helical spring in which the 
angle of helix а=30°. Take Е=2*5 C. (Lond. Univ.) 
For close-coiled spring 
а la 
Stiffness, Ki „Ж 262 
5  64Rn 


For open-coiled spring 
_ 64W R?n (ae m) 
E pui шт + 
d'cosa 


С Е 


шшш S IAS 
ах уЗ \4C 4х25С 


_ 6080 Азп 
V3CA" 


Stiffness, К„=—= “08 Rn 


Percentage error. ек х100= 573 


26. How many springs, each of 25 coils of 20 cm external diameter and 
cm round steel wire, are necessary to stop a 2,000 kg truck 
moving at 8 km per hour without the springs compressing more than 
25 cm ? Assume springs to be open-coiled, a being 309. E=20x 10° kg/cm? 
C=8x105 kg/cm’. What shear stress will be induced in the wire ? 


g=981 cm/sec’. 


made of 2 


x 10$ 


mo EES 
у=8 km/hour= 3.600 cm/sec 


= 2000 ст/ѕес 


2,000 y 
2,000 x (227 


= ےت“‎ 
725 2х981 


Kinetic energy of the truck 
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= 50,300 kg cm 


Let P be the equivalent gradually applied load which would 
produce the same deflection of 25 cm. 


64P R3n | costa + 2sin?a 


~ d'conN C E 
й 64р x93 x 25 х2 ov БЕШ 2 
Le, — 25—— ÀÀAx /3 \4х8х 10 ^ 4x20x 105 


Р=250 kg 
Energy stored in one spring 


=4Pô =4 x 250 x 25= 3,125 kg cm 
Number of springs required 


31257161 
Provide 17 number of springs. 
Torque, T= PRcosa 
Bending moment, B=PRsina 


Equivalent torque, ‚ T,=./B2+T2=PR 
«<. Maximum shear stress, 


_ 16Т, _ 16PR _16х250х9 
паз nd: RXR 


=1,432 kg/cm?. 


27. An open-coiled spring of 12 cm mean diameter has 10 coils of 2 cm 
diameter wire, at a slope of 30° to the horizontal when the coil axis is 
vertical. Find the axial load and torque necessary to extend the spring 
0:5 cm, if rotation is prevented, indicating whether the torque tends to 
wind up or unwind the spring. 


E=20x 10° kg|cm?, C=8 x 105 kg/cm?. (Lond Univ.) 


64W Rnsina f 1 2 64M Кп fsin?a 2соз?а 
Ф = — { — — — — — = 
di (+ z)+ dicósa ( Taga 


or WRsina( 2 — 2) 4M = paos) 0 
cosa 
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or JERS scum) 
2 8x105 20х10 


42M 1 2x3 д 
КУЗ. 4x8x105 *4x20x105 J 


3W ML 
8r 430x105 *80y3x10 ~° 


м=- 93 W=-0611 W 


= SAW Rin соза + 2sinta Y | 64M R'n sina 2) 
G SIE JANT TAT c UE 


- @cosa 
= 0:5 ст 
и 3 m 2 ) 
ОП вх  NAx8x10 4х20х 105 
64Mx@x10/ 1 __ 2 )eos 
16x2 \8x10 20x105 
684,/3W | 18M 
ог ТОБ METTE =0:5 
ог 6844/3W 4-18 x (—0°611W) =0'5 x 105 
or 1,174W — 05 x 105 
W —41:6 kg 


M = --0:611 x 42:6— —26 kg cm 
The negative sign indicates an unwinding torque. 


28. Two shafts in line, which are prevented from moving axially, are 
by 2 helical spring, the spring fitting loosely on the shafts 
5 fixed to the shafts. Show that, if the coils of 
ss-section, and are inclined at 45° to the 


connected 


and having its end. 
the spring are of circular cro: 
axis, the couple per unit angle of twist is given by aei +c) 
where d is the diameter of the cross-section, R is the mean radius of the 


coils and n is the number of coils. 


64W Кэп ( соза у ш \ Sumus (2- 2 )=0 


з d'cosa C 
и cos? 2sin?a Я 4.2 eo 
or WR ( созо эше) + sine 2 


cosa 
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1 2 + i- 

or ена = د(2‎ 0 

Е M НЕ 
^ ЕЕ OEIC 
o = S4W Rn sina Zr sina 4 64M Rn {sina 2соѕ?а 
€ = “dicosa V С Е 
_ S4WRn (1 2 ше (4 
48/2 \C E 26" 


exem RÊ 2 en їз 


324/2Rn E—2C 1 
= -M ا کے کے‎ = 
di | s E+2C З zw 2C +1) 


=32V2Rn| -M(E-2C} , M(E+2C) 
di EC(E+2C) EC 
_ 32V2Rr „_ 8M 
ag SBC 
_ 256/2M Rn 
(ЕС) 


M а(Е+2С) Е С 
€ 7 256V2Rn 128/2 7 


СНАРТЕК Ш 


LEAF, FLAT SPIRAL AND CONICAL SPRINGS 


1. A steel carriage spring is to be 75 cm long and to саггу а central 
load of 500 kg. If the plates are 8 cm wide and 5 mm thick, how many 
plates will be required if the stress is to be limited to 1,800 kg/cm? ? What 
will be the deflection of the spring at the centre ? То what radius should 
each piece be curved so that it straightens out under the load ? 


Take E=2 x 10° kg/cm’. 


. 3WL 
fà 
: _ 3х500х 75 
1.е., 1,800 = Эпх8 005) 
п= 15:6 
Adopt 16 plates. 
s aS d 3x 500x 753 
Ені 8x2x10°x 16x 8x (05) 
—2:47 ст 
ES 
SF HER 
PUE ENT, 
= 55797 =285 cm. 


2, A laminated spring, made of 12 steel plates, 15 90 cm long. The 
maximum central load is 800 kg. If the maximum allowable stress in the 
steel is 2,500 kg/cm? and the maximum deflection 3:5 cm, calculate the 
width and thickness of the plates. E—2:1x 10° kg/cm. (Lond. Univ.) 

3WL 
f- 2nbt? 


t _ 3х 800x90 
1. е., 2,500 = 2х12 br? 
9. bi236 


WE 
°= Enbe 


() 
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, 3-5= 3 x 800х903 
ie 7OSXZTx10x1258 
bt —2:48 E Q) 
Dividing equation 2 by equation 1 
2:48 

= 220 0:689 

1=5% 689 ст 
From equation 1, pe О =758 cm. 

(0:689)? 


3. A carriage spring 130 cm long has leaves of 10 cm width and 12 mm 
thickness. The maximum bending stress is 1,500 kg/cm? and the spring 
raust absorb 1,200 kg cm of energy when straightened. Caiculate the 
number of leaves and their initial radius of curvature. E=2 10° kg/cm?, 

(Lond. Uniy.) 


Energy stored, U - Р. Ve РЫ à ue 
ie, 1,200 =: 1,500* x nx 10 x 1:2 x 130 
6х2х 10%х2 
п=8:21 
Adopt 9 plates. 
The actual bending stress f, is given by 


1,200 = 2X9 x 10x 1:2 x 130 
: 6x2x105x2 


.. Љ= 1,432 kg/cm? 
The bending stresses in the plates when straightened will be the 


reversed stresses that would obtain if the plates were originally straight 
and then bent to the radius R. 


Te» 25 _Е 
t R 
= КЕБ _2x10*x 1-2 
2f. 2х 1,432 


=838 cm. 


4. A laminated steel spring, simply supported atthe ends and centrally 
loaded, with a span of 75 cm is required to carry a proof load of 750 kg 
and the central deflection is not to exceed 5 cm. The bending stress must 
mot be greater than 4,000 kg/cm*. Plates are available in multiples of 
1 mm for thickness and in multiples of 4 mm for width. 


LEAF, FLAT SPIRAL AND CONICAL SPRINGS 49 


Determine suitable values for the thickness, width and number of plates 
and the radius to which the plates should be formed. 
Assume the width to be twelve times the thickness. E=2x 10° kg/cm?. 
(Lond. Uniy.) 
PEIS 
8Enbt? 
Е 3х 750 х 753 
ie, 5 = MlM 
8 x 2x 10° хлх 12t x 13 
nt? =0:989 (1) 
3WE 
ل‎ 
2nbt? 


1 _ 3х 750х 75 
LES 4,000 = x rx 

п = 1:758 z (2) 
Dividing (1) by (2), 


_ 0:989  q. 
t= 1:758 =0`563 ст 
Adopt 6 mm thick plates. 
b=12 t=72 тт= 72 cm 


8 1:758 
F 2 E 109% 
rom equation 2, n ( 69 8:14 


Adopt 9 plates. 
Actual deflection under the proof load, 
с, on Вы 
Bx 2x 10° x9 x 7:2 x (0:6)? 
=4:24 ст 

Initial radius of curvature, 

Е 

85, 8x424 
— 166 cm. 


ntrally loaded and simply supported at the ends, 
m wide by 6 mm thick. И the longest plate is 
rvature of the plates when the 


greatest bending stress is 1,600 kg/cm? and plates are finally straight. 


Neglecting the loss of energy at impact, 


fi which a mass weighing 20 kg may be dropped centrally on the spring 
rom 
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without exceeding the limiting bending stress of 1,600 kg/em?. 
E=2x105 kg/cm, (Lond, Univ.) 


RE! 2% 10° x06 


2f 2х1,600 
=375 cm 
orti 6400 HE. 
= SR ўуз] 213 ст 


Potential energy lost by W-W(h- y). 
Energy stored in the spring 


27 у nbL 


(ik 62:55 
2 nbtL 

W(h+ y) 5. noth 

C4 )= A^ 
Р : 1,6002 x 10x 5x 0'6 x 80 
cy h al 
Le и к= 

h= 10°67 cm. 


6, A leaf spring of the semi-elliptic type has 10 plates, each 7:5 cm wide 
and 1 cm thick. The length of the spring is 120 cm and the plates are of 
steel having a proof stress (bending) of 6,000 kg/cm?. To what radius 
should the plates be initially bent ? 

From what height can a load of 59 
the maximum stress 
E=2x10 kg/cm?. 


kg fall on the centre of the spring if 
Produced is to be one-half of the proof stress ? 
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_Ft_ 2x 10°x 1 
2f 2х6,000 
= 1667 cm 
Let P be the equivalent gradually applied load which would 
produce the same maximum stress as the impact load. 
OPE 
J= nj 


R 


3x Px 120 
2x 10x75 

P=1,250 kg 
The corresponding deflection is 


бә ر ل‎ 3 x 1,250 x 1203 
SEnb? 8х2х10°х10х7`5 


ie; 3,000— 


=5'4 ст 


Loss of potential energy of the weight 
=Gain in strain energy of the spring. 


i.e., W(h+5)=}P8 
or 50(h+5°4) 23x 1,250 x 5:4 
h=62'1 cm. 


opped from a heigbt of 10 cm on to the centre of 
simply supported at its ends. The spring has 
10 steel plates each 5 cm wide and 6 mm thick, the longest plate being 
75cm. Calculate the maximum instantaneous stress in the plates and the 
initial radius of curvature of the spring if the impact just flattens the 
spring. Е=2х10* kg/cm’. (Lond. Univ.) 

Let P be the equivalent gradually applied load which would cause 


the same stress as is caused by the impact load. 


Then 20(10+y)=4 PY 
3PD _ 3Px 758 
у= ёрї  BX2X10 x10x5x(065 


7. A load of 20 kg is dr 
а carriage spring which is 


P=136'5y 
Hence 20(104-5) 21x 13655? 
or y1-0:293y-2:93-0 
Solving у= 1:865 cm 


P=1365* 1:865—255 kg 
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fe ЗР. __3x255x75 
2nbt?  2x10x5x(06)* 


= 1,594 kg/cm? 


НЕ 
R=) х 1865 
=377 сш. 


8. А laminated spring of the quarter-elliptic type is made up of a 
material 8 cm wide and 6 mm thick. Find the number of leaves required 
and the maximum stress under the following conditions. The spring is 80 
cm long and is to provide for a static deflection of 9 cm under an end load 


of200kg. E—2:1x10!kg/cm*. (Engineering Services, 1961) 
m 6/15 
ЕпЫЗ 
Te i 6 x 200 x 803 
a 2°1 x 108 xn x 8 x (0:6)? 

п=18:8 

Adopt 19 plates. 
pa 6WL_ 6x200 x80 


nb? 19 x8 x (06)? 
= 1,754 kg/em?, 


9. A quarter-elliptic leaf spring has 5 plates each 7 спа wide by 1 cm 
thick with the length of the longest plate 40 cm. If the maximum allow- 
able bending stress is 4,000 kg/cm?, find (а) the maximum value of the end 
load and (5) the deflection at the end. 


Assuming that the spring just straightens under these conditions, 
determine the initial radius of curvature of the plates. Е=2х10* kg/cm". 


(Lond. Univ.) 


-WL 
nbi? 
Ге, 4,000 — 9X W x40 
5x7 
.. W=583 ke 


e 6WLs — 6x 583 x 403 
Enb 2x10°x5x7 


= 3:2 ст 
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Alternatively ae 


E М20107 
27 2x4000 


=250 cm. 


10. A quarter-elliptic, i.e., cantilever, leaf spring has a length of 50 cm 
and consists of plates each 5 cm wide and 6 mm thick. Find the least 
number of plates which can be used if the deflection under a gradually 


applied load of 200 kg is not to exceed 7 cm. 
И, instead of being gradually applied, the load of 200 kg falls a distance 


of 6 mmton to the undeflected spring, find the maximum deflection and 
stress produced. £=2% 10° kg/cm'. (Lond. Univ.) 
_ SWL 
Enbt* 
ilc 7= 6x 200 x 503 
S 2х 10 xnx5x(0:6) 
n=9'92 
Adopt 10 plates. 
Let P be the equivalent gradually applied load which would 
produce the same deflection à as is caused by the impact load. 


GB E 6P x 503 
і Enb 2x10°xX10x 5 x (0:6)? 
P —28:88, 


Equating the loss of potential energy of the falling weight to the 


strain energy stored in the spring 
200(0:6-- 51) = 3Pài 
200(0:6--8,) —3 x 28°85," 


or 
or 5,2 13-895, —8:33—0 
Solving 51 = 1447 cm 


P=28'8 x 14:47=417 kg 


{ 6Р1, _ 6х417х50 
Maximum stress, Лек 10х5х(067 


—6,950 kg/cm?. 
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11. A laminated spring of the quarter-elliptic type, 69 cm long, is to 
provide a static deflection of 8 cm under an end load of 250 kg. If the 
leaf material is 6-5 cm wide and 6 mm thick, find the number of leaves 
required and the maximura stress. 

From what height can the load be dropped on to the undeflected spring 
to cause a maximum stress of 8,000 kg/cm? ? E=2 x 10° kg/em?. 

(Lond. Univ.) 


abs 6 x 250 x 603 
` 2x105xnx65 x(0:6) 


n= 14:42 


i.e., 8 


Adopt 15 leaves. 


TIAE __ 6 * 25060 
nb? 15x 6'5 x (0°6)* 
=2,560 kg/cm? 

Let P be the equivalent gradually applied load to cause a maximum 
stress of 8,000 kg/cm?. 

6P x 60 
15 x 6:5 x (0:6): 

sa P=780 kg 

The corresponding deflection 


8,000= 


ы 6 x 780 x 603 
2x 10° x 15 x 6°5 x (0°6) 
=24 cm 
Loss of potential energy =Gain of strain energy. 
1,65 250(h +24) = x 780 x 24 
h=13'44 em. 
12. A flat spiral spring is made of steel 12 mm broad and 05 mm 
thick, the length of spiral being 6 metres, Determine (a) the maximum 


turning moment which can be applied to the spindle if the stress is not 
to exceed 6,000 kg/cm’, (b) the number of turns then given to the spindle, 


81 


and (c) the energy stored. E=2:1x 10° kg/em*. (Lond. Univ.) 
_ 12M 
а 
i. e, GU S ы ШШ 


1:2 x (0:05)? 
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М =1`5 kg ст 
oa ML - 1:5 x 600 x 12 
EI 2:1x10®x 1:2 x (0°05)? 

=34-3 radians 
Number of turns given to the spindle 

2 3453) де. 

mar =5:46 
Energy stored, U-iMe- оз 

=25°7 kg cm. 


13. Find the length of a flat spiral spring 25 mm wide by 0:5 mm thick 
to stcre 80 kg cm of energy for a limiting stress of 8,000 kg/cm?. Find also 
the torque required, and the number of turns of the winding spindle to 
wind up the spring. £—2:1x 10° kg/cm’. (Lond. Univ.) 


f 12M. 


be 


: = 12M 

е; 8,000 = Fx O05? 

M=2$=417 kg em 
U=4M0 

80=4x 380 
0—38:4 radians 


Number of turns given to the spindle 


384. &. 
=e =611 
_ ML 
ИГ 
2 х12 
i зва LULA а 
Ius 6x21x10:x2:5x (005) 


s L=504 cm=504 m. 
made of steel 12 mm wide, 0:6 mm thick and 
3 metres long. Assuming that the spring is in an unstressed condition, 
determine the maximum stress produced and the amount of energy 
stored in the spring by three complete turns of the spindle. 

E-—2:1 x 105 kg/em*. 


14. A flat spiral spring is 
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s Gr M x300x 12 
La 2:1x 109 x 1:2 x (0:06)? 
.. M=2°85 kg ст 


fa 12M __12x2°85 
bt ^ T2x(006) 
=7,920 kg/em? 
U-A4M60-1x285x6z 
=26'9 kg ст. 
15. А conical spiral spring is submitted to the action of an axial 
force P. Determine the safe magnitude of P ifthe allowable stress in 
shear is 1,200 kg/cm", diameter of the cross-section d=3 cm, radius of 


the cone at the top of the spring R,—5 cm and at the bottom R,=20 cm. 


Determine also the extension of the Spring if the number of coils п=8 and 
C=8x 105 kg/em?. 


Maximum torque, T=PR,=20P 
13 
T= таа х 
1 9 
or 20P = 227 y 1,200 
16 
P=318 kg 
х, 16Рп 
= 


С (К+ RP) Ry) 


— 16x318x8x425x25 
8х 105х 81 


=6°67 ст. 


CHAPTER IV 


THICK CYLINDERS AND SPHERES 


1. A thick cylinder, 50 cm external diameter and 40 cm internal dia- 
meter, is subjected simultaneously to internal and external pressures. И 
the internal pressure is 250 kg/cm? and the hoop stress at the inside of 
the cylinder is 450 kg/cm? (tensile), determine the intensity of the external 
(Engineering Services, 1954) 


pressure. 
p compression = g —A 
f tension — ^ +4 
Аї r=20 ст, p=250 kg/cm? 
>. В 
Я 1 
307 Q0 o 
At r=20 cm, f=450 kg/cm? 
B 2 
=——+A 2 
50 o (2) 


From equations 1 and 2 
A=100, B= 140,000 


B 
At r=25 cm, РЕЯ 


— 140,000 — 100 
625 
= 124 kg/em?. 

2. The internal and external diameters of a thick hollow cylinder are 

Bem and 12 спа respectively. It is subjected to an external pressure of 

400 kg/cm? when the internal pressure is 1,200.kg/cm*. Calculate the 

circumferential stress at the external and inteı nal surfaces and determine 
mean radius. Plot the 


the radial and circumferential stresses at the асах И 
stresses оп the thickness of the cylinder as base, (Enginecring Services, 968) 


Р S. M. (П)—5 
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B 
-=6 ст, 400— 2—4 
At r ст 36 
At г=4 cm, 1,200= 8—4 
16 
Solving A=240, B=23,040 
ESSA 
x 
> 
At r=6 cm, (=O +240 
ә 


= 880 kg/cm? 
At r=4cm, ee 040 +240 


=1,680 kg/cm? 


1,680 


Hoop siress 


К 1161-6 
Tension 


880 


6cm 


400 


Comp. 681-6 
Radial stress 
„гоо 
Fig. 14 
В 2 
At һ=5 em, р 25:090 240 
=681°6 kg/cm? 
At r=5 om, f= 23,040 + 240 


—1161:6 kg/em?. 
The stress diagram is shown in Fig. 14. 


(1) 


(2) 
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3. The cylinder of a hydraulic press has an internal diameter of 30 cm 
and is to be designed to withstand a pressure of 100 kg/cm* without the 
material being stressed over 200 kg/cm’, Determine the thickness of the 
metal and the stress on the outside of the cylinder. 

Sketch a diagram showing the variation of radial and hoop stresses 
across the thickness of the wall of the cylinder. (Engineering Services, 1959) 


200 


Hoop stress 


Tension ДО 


25:98 с? 


Radial stress 


100 
Fig. 15 


Let А, be the external radius. 
B 


Internal pressure 100= 555 SA es (1) 
Maximum hoop stress at the inside 
200= 5+ A ДЕ (2) 
Solving A=50, B=33,750 
Ер 
External pressure exce 
33,750 _ 
LB, 0= ерат 50 
R2=675 
d К, =25'98 cm 


Thickness of metal =25°98—15= 10:98 cm 


At the outside of the cylinder 


Eee 33,750 4.50 
Re 675 
=100 kg/cm? 


The stress diagram is shown in Fig. 15. 
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4. Athick cylinder of steel having an internal diameter of 10 cm and 
an external diameter of 20 cm is subjected to an internal pressure of 
800 kg/cm? and an external pressure of 100 kg/cm?. Find the maximum 
direct and shearing stresses inthe cylinder and calculate the change of 
external diameter. E=2x 10° kg/cm? and Poisson's ratio —0:3. (Lond. Univ.) 


B 


Internal pressure 800— БЕГ А be (1) 
; B 
External pressure 100— onm A T. (2) 
Solving Az 400. g= 19,000 
3 3 
В, ,. 70,000 , 400 
шат озар SA 


At r=5 ст, maximum hoop stress 


a 70,000 | 400 _ 3,200 
3x25 3 3 
—1,067 kg/cm? 


Maximum shear stress 


1 ( 3,200 _ 2,800 
= (2200 воо) - 2800. 


=933 kg/cm? 


At r= 10 cm, f= 70000, 400 
— 1,100 
3 


Hoop strain at the outer surface 


( 1100 03x 100) = 04 


E 
E 
Increase of external diameter 


T 215190 
3x2x105 


—0:00397 cm. 


3E 


x 20 


5. The cylinder of a hydraulic ram is 16 cm internal diameter. Find 
the thickness required to withstand an internal pressure of 600 kg/cm?, if 
ihe maximum tensile stress is limited to 900 kg/em? and the maximum 
shear stress to 800 ke/cm?. 


ta internal pressure only, is ass' 
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Let R be the external radius. 


Internal pressure 600 =2-4 m (1) 
is B 
External pressure 0 Tm А © (2) 
Solvin A _ 38,400 Зане 
E Roa 2 m-6 
B 
=—+A 
fent 
_ 38400 /R? 
“TR (= t ) 
Maximum f at r=8 cm, 
_ 2-64 
f giga 000 
5 К 4-64 
i. e., 900— EG LU 
or 381—192 =2R?+.128 
oe R®=320 
R=1789 cm 


Maximum shear stress 


2 
- +00 S (EAE +1) 


_ 600R? 
~ R64 
600R? 


ме, 800 —q 64 


48*—256 —3R* 

К° =256 
so R=16 ст 
Thickness= 17:89 —8 =9'89 cm. 


internal diameter d, wall thickness г and subjected 


t 1) Ка cylinder of 
umed to be a thin shell, what is the great- 
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est value for the ratio E if the error in the estimated maximum hoop 


stress is not to exceed 5 percent ? 


(b) A cylinder having inside and outside diameters of 16 cm and 20 cm 
respectively has been designed to withstand a certain internal pxessure 
but reboring becomes necessary. Determine the limit to the new inside 
diameter if the maximum hoop stress is not to exceed the previous value 
by more than 5 percent while the internal pressure is the same as before. 
Treat the cylinder as ‘‘thick-walled.” (Lond. Univ.) 


(а) Maximum hoop stress 


К-т ра 
eT RP pog 


where D and d are the external and internal diameters respectively. 


or = (d+ 21)?+d? 
"o (d+2t—d? ` 


= @+2dt+22 
2dt--2:0 ` 


Let № =n 
Then pa d?+2d?n+2d?n? 
2d*n 4- 2d?n* 


_ 14+2n+2n? 
2n4-2n* Р 


From thin cylinder formula 


Given 


or 


or 


2n4-2m 
2n(L+2n-+ 2n?) 


=0°95 


or 


ы “А 
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1+7 
0 a UII. s 
: 1-21-42? 035 
or 1۰912 +091 —0:05=0 
Solving n= 0:0502. 


(b) Initially 


100-- 64 


100—64 ^^ 


Let r, be the internal radius after reboring. 
_ 1004. 


P= Ти. 


< =8'09 ст 


Inside diameter =2r;=16'18 cm. 
7. А steel cylinder 20 cm and 15 cm external and internal diameter 
ed for а working pressure of 120 kg/cm?. Owing to 
external corrosion the external diameter of the cylinder has to be machined 
down to 19:5 cm. Find by how much the working pressure must be 
reduced. for the maximum hoop stress to be the same as before. 

(Ans. 10:1 kg/cm?) 
el cylinders A and B, closed at the ends, have the same 
dimensions, the outside diameter being 1:6 times the inside. А is subjected 
to internal pressure only and B to external pressure only. Find the ratio 
of these pressures (a) when the greatest circumferential stress has the 

and (5) when the greatest circumferential strain 


respectively is us 


8, Two thick ste 


ical value, 
Same eame numerical value. Poisson's ratio=0-304, (Lond. Univ.) 
Cylinder А: 
В 
Internal pressure №= RE —А A (1) 
oc BILA ml 


External pressure Re 
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Solving, A= 


feram c a; (A Re £a) 


Greatest circumferential stress at г= К, 


E ТО К? ) 
= RERE Re rf +1 


LARSEBRS 
Bm BR Rapa Pe 
Given Ry =1°6R, 


— (1°6R,)2+ R2 3:56 ; 
27 (ORJ RS асет 56 Pa tensile 


Longitudinal stress f; is given by the equilibrium equation. 
Sim Ry? — R?) = pis Ry 


or = 


° 


Ку к. Rè 
R2=RE Ра (Г): КЗ „Ра 


тт а 
Greatest circumferential strain atr=R,, 


Ei m -4) 


—P2( 3:56 = g2, 
Eras +0304 =) 


222789105 
B. 
Cylinder В: 


External pressure pm E" PIN A' 


R3 O) 
Internal pressure 0= EF =й: H (4) 


n potes esa 2 
Solving RR р, В Rinne 


Е 


radial compressi'e stress of 200 Ке; 


remains constant, 
the initial diameter by 0:0012 cm, а 
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В' Ry К»? 
а Е = 
f n zn r? iU 1) 
Greatest circumferential stress at r= Rs, 


V 2R, ч _ 25:6) 
Е о“ 


=— 512 р, compressi | 
Tsg”! pressive 
Longitudinal stress / is given by the equilibrium equation. 
Si (Ri — Re?) = рК? 


Re (1'6R.)? 


fi == a = ا‎ 
= Ra Re гео RE 
= 2'56 compressi 

TAA pressive 


Greatest circumferential strain at r= Rs, 


uf 502, У 2:56 
-1( U 
_ 2783 р: 
Е 
Case (а) : 
356, 2312, 
T56” 156^! 
т ے512‎ 
or FA 144 
Case (b) : 
2:391р, _ 21 
Е Е 
Е Ju. 2783 2,46 
e p, 2391 " 


9. A steel shaft, originally 10 cm diameter, is subjected to a uniform 
lem?. Assuming the radial stress 
find the uniform longitudinal stress required to reduce 
nd calculate the alteration of volume for 
Poisson's ratio —0:304. 


а 15 cm length of shaft. E=2x 108 kg/cm’; 
(Lond, Univ.) 
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B 
Л Di +A 


B 
р 


But since the stresses cannot be infinite at the centre of the 


shaft (i. е., r=0), then В must be zero, i. e., 


which means that the hoop stress is compressive and equal to the 
radial stress (and consequently the external pressure), both stresses 


АЕ 


being constant throughout. 


f= —p = —200 kg/cm?, both compressive. 
Let the longitudinal stress be f; tension. 


В йе а 200 _ л) 
Hoop strain se ( Ооа A» 


=== —200+0:304 x 2000-3047) 
= 1013924-0:304/) 


Е (139240: з047)= 29012 


т 


Л= 332 kg/cm? tension 
Longitudinal strain е, 


HS 200 , 


"3m o —— Ju (332+. 0:304 x 400) 


= 00002268 


0:0012 
10 


Volumetric strain =2e, + e, = —0:0000132 


Hoop strain er=— = —0:00012 


Decrease in volume =0-0000132 x т x 102x 15 


=0°01555 ст. 
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10. Find the ratio of thickness to internal diameter for a tube subjected 
te internal pressure when the ratio of pressure to maximum circumferen- 
tial stress is 0°5. 

Find the alteration of thickness of metal in such a tube 20 cm internal 


diameter when the pressure is 750 kg/cm?. £=2x10* kg/cm?, Poisson's 
(Lond. Univ.) 


ratio —0-3. 
Maximum circumferential stress at the inside, 
R+ Ri 
р К, “Pe 
But P3 —05 
SO 512—2 =0`5(В + Ra?) 

ог RS-3RS 
R= V3R» 

Thickness 1t=R,— К =(М3-— 1)Ra 
£L (3-7 DR. _ 0.366 
Da 2R» 4 


R,=10 ст, А, = МЗ: = 1732 ст 
Longitudinal stress f; is given by the equilibrium equation. 
fis(Ri — Ra) =p TR? 


Ка — Rut Ж 
i= Ra RE P IRE- Rè 


=375 kg/cm? tension 
fa=2pa=1,500 kg/cm? tension 
Hoop strain at the inner surface 


= 20 ,500+0-3 x 750 —0:3 х 375) 


_ 5 
БУЗ; 


Increase in internal radius 


_ 1612.5 x 10. 16125 om 
Е Е 
f—p=constant = 2A 
fa- pi 1,500— 750 =750 kg/cm? 


p,-0 f 
У, =750 kg/cm? tension 
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Hoop strain at the outer surface 
— (150—0:3ж375) = 575 


Increase іп external radius 


637:5 11,040 
= x17:32-1150 
EX 7:3 F 


Decrease in thickness 


— 16,125—11,040 _ 5,085 
Е | 2x10 
—0:00254 cm. 


11. А steel tube is 3 cm internal diameter and 5 mm thick. One endis 
closed and the other end is screwed into a pressure vessel. The projecting 
length is 30 cm. Neglecting any constraints due to the ends, calculate the 
safe internal pressure if the allowable Stress is not to exceed 1,400 kg/cm?. 


Calculate the increase in the internal volume under this pressure, 


E-2x10*kg[cm?. Poisson’s ratio= = 


3:5 (Lond. Univ.) 
External pressure, 0 =2 л (1) 
Maximum hoop stress at the inner surface, 

1,400= 43 д (2) 


Solving A=504, B=2,016 


Internal pressure, p= P, 


=392 kg/cm? 
Longitudinal stress, f, = Аз? 152 х 392 
8 ress, fi RE-RS 7 DE 


= 504 kg/cm? tension 


i a 392 504 
Hoop strain, e =7( 1,400 +4 274 _ 
RUE 35 35 


1,368 
E 
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Longitudinal strain, e = (504- 1400 , 392 
E Uum 3:5 EE 
_ 216 
Е 
Volumetric strain —2e; + e; 
По Я A6 
Е Е 
_ 2,952 
Е 


Internal volume = x 32 x 30 cm? 
Increase in internal yolume 


12,9520. “кале ert A 
7x10 азо х 30 =0'313 ст 


12. A tube is 1 cm diameter bore and 1-5 cm external diameter. It is 24 
cm long and is closed at one end. Fluid is forced into the open end under 
a pressure of 300 kg/cm? when the tube is full of fluid. Calculate the excess 
volume of fluid forced into the tube beyond what is required to fill it at 
zero pressure. E for tube—6x 10° kg/cm?, Poisson's ratio—0:25; modulus 
of cubic compressibility for the fluid— 10,000 kg/cm. 


(Lond. Univ.) 
Fig. 16 
At r=} cm, 300—4B— 4 7 (1) 
168 2 
At r=} cm, Я (2) 
Solving A=240, B=135 


At r=} ст, в=4В+А= 780 kg/cm? 
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Hoop strain, en = (780-1-0:25 x 300) 


855 
RES 


Longitudinal strain, e; = — 0°25 x 780 + 0°25 x 300) 


EO 
SEE 
Volumetric strain of tube, 
и 855 120 
=2, +e =2 (E DAMET 
_ 1,590 _ 1,590 
FFE 6x105 
=0:00265 
Volumetric strain of water, 
SAND. 300 
— => = 00 
Г К 10,000 : 


Total Î —000265--0:03 —0:03265 


Volume y- X 12x 24 =6n cm? 


Excess volume of fluid forced into the tube 


70:03265 x 6x =0°615 стз. 

13. A steel cylinder has a lengi 
meters of 10 cm and 14 cm resp 

(а) Determine the circumfe: 
surface when the с 
100 kg/cm?. 

(b) How much more water does the 
required to fill at atmospheric Pressure ? 

Take E for steel=2 105 kg/cm:, 
water —2 x 10! ke/cm?, 


th of 25 cm and interna! and external.dia- 
ectively. 


rential and longitudinal stresses at the inner 
ylinder is filied with water under a pressure of 


cylinder contain than that 
Poisson's ratio for steel = 0.3 and К for 
At r=5 cm, p=100 

B 


^ dO. 4 (1) 
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At r=7 сш, p=0 
B 
et cT 
E re un EO 
; 625 30,625 
501 A= =, B=— 
ving a B ; 
B 
At = <o 
r=5 cm, f: 5+4 
_ 30,625 | 605 _ 925 
6x25 6 3 


— 308 kg/cm? tension 
The longitudinal stress f; is given by the equilibrium equation. 
n(72— 52). fi n x 5? x 100 


Ыр 
f= 55 —104:2 kg/cm? tension 


; L A1 925: 19. 203x025 
Hoop strain, en = GR. +0°3 x 100—073 px 
2:307: 
Е 
Longitudinal strain, e; “He +03 x 100-03 x 925 
EN 6 3 
ТАЦ 
Е 


Volumetric strain aE for cylinder 


-erte тя (2х 307-417) 
=0:000328 
Increase in volume of cylinder —0:000328V k (3) 
SV р 0100 
For water, ye TX ixl 
—0:005 
0:005V MET 


Decrease in volume of water= 
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Additional volume of water =(3)+ (4) 
= 07005328 V —0:005328 х F х 10% x 25 


—10:46 cm? 


14. A thick steel tube with closed ends, of inside and outside diameters 
5 cm and 7 cm respectively, contains oil at a pressure of 10 kg/cm’. The 
oil is allowed to escape until the pressure in the tube has fallen to 
T5 kg|cm?. Find how much oil has been released per metre length of tube, 
if bending due to end effects is negligible. Е for steel—2x 105 kg|cm?; 
Poisson's ratio for steel=0°25; К for oil =2-75 x 10! kg/cm. (Lond. Univ.) 


(Ans. 0:195 cm?) 
15. А steel hoop, of 20 cm outer and 13 cm inner diameters, is shrunk on 


a hollow steel cylinder of 8 cm inner diameter, the pressure of shrinkage 
being 200 kg/cm*. 


When subjected to internal fluid pressure of 700 kg/cm?, what will be 
(a) the greatest circumferential stress induced in the cylinder, 
(5) the radial pressure between the cylinder and the hoop, and 
(c) the greatest circumferential stress in the hoop ? 
Assume that the stresses induced are within the proportional limit. 
(Engineering Services, 1968) 
Due to shrinkage : 


Hoop: 
At rem, EAM 
uS RU те 34 
В 
At r=10cm, p=0=— =~ 
rd Too ^4 
Solving д—33:800 
231 
At 
_ 43,380,000 , 33,800 
169 х 231° 231 
=493 kg/cm? tension em (1) 
Cylinder : 
At r-i$em, p=200 4B" A’ 
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в’ 
At = ‚ р=0=-———4' 
r=4cm, р 15 
: , 6,760 7 108,160 
Solving ==? REE В 
TEES 4 21 21 
B ' 
At r—4 cm, f=—+4 
r ст, f: E 
__ 108,160 _ 6,760 
16х21 21 


= — 644 kg/cm? comp. 


Due to internal pressure : 


в" 
ity 700 ел 
At r=4 ст, p=700=—— 
At r=10 ст, p-0- 74 
Solving д’ 400 в. „40,000 
3 3 
в" 
А аот 
£ r=4 cm, /=те+А 
_ 40,000 400 
mpm 
—967 kg/cm? tension 
At r=}# cm, fede 
_ Ax40,000 | 400 
~ 7169x3 3 
—449 kg/cm? tension 
4B" п 
At در‎ cm, 2 


_ 440,000 _ 400 
aie Ss 


р, S. M. (п)-6 


(3) 


(4) 
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Greatest circumferential stress in the cylinder 
=(2)+(3)=—6444 967 
=323 kg/cm? tension 

Greatest circumferential stress in the hoop 
=(1)+(4)=493 +449 
=942 kg/cm? tension 

Radial pressure between cylinder and hoop 
= 200+ 182=382 kg/em?. 


16. A compound tube is made by shrinking one tube on another, the 
final dimensions being; internal diameter, 8 cm; external diameter, 16 cm; 
diameter at the junction of the tubes, 12 cm. If the radial Pressure at the 
common 6-cm radius is 150 kg/cm’ find the greatest hoop tension and 
hoop pressure in the compound cylinder. What difference must there be 
in the external diameter of the inner tube and the internal diameter of the 
outer tube before shrinking on, and what is the least difference of tempe- 
rature necessary to allow the outer one passing over the inner one ? Take 
the coefficient of expansion as 11-2 xX 10-6 per degree С, and E—2 x 108 kg/cm?. 


Outer tube : 

At r=6 em, p=150=4 А 
At r=8cm, р=0= 2-4 
soning 4-1350 y. 86,400 


F 7 
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At r=6 cm, maximum hoop tension 
В, ,_ 86,400 , 1,350 


ТОЗЫ SOT д 
=536 kg/cm? 
Hoop strain at the inner surface 


Gu 
m 
Increase in the internal diameter 
- (536+ 150 
m 
Inner tube : 
B’ р 
At r=6 cm, р=150 =——A 
36 
At r=4 ст, p=0= 6-4 
Solving А'=- 770, В'= —4,320 
Maximum hoop pressute at r=4 cm 
E ри 43205 
=16 +4 еге 270 
= — 540 kg/cm? comp. 
At r=6 cm, fel ea 
4,320 _ 4 
= ы —270 
36 


= — 390 kg/cm? comp. 


Hoop strain at the outer surface 
- —1 (390-12 150 


Decrease in the external diameter 
= 3(390--F ay 


Required difference in diameters 


= (1) +(2)= 2636+ 390) 


(D 


(2) 
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_ 12х926 
2х 10° 
= 000556 cm 
Let T be the difference of temperature. 
Then Tx 11:2 x 10-§ x 12=0-00556 
Т=41:4°С. 


37. А bronze liner of 6 cm external diameter is to be shrunk on a 
steel rod of 45 cm diameter. Calculate the maximum radial pressure 
between liner and rod if the maximum stress in the liner is limited to 
1,200 kg/cm’, also the difference between the liner bore and shaft dia- 


meter before shrinking. 


E for steel and bronze 2:1 x 10° and 10° kg/cm? respectively. Poisson's 


ratio 0*3 for both steel and bronze. 


Bronze liner : 


Fig. 18 
At г=? сш, /=1200-268 4 
At r=3 ст, р=0= 2-4 
Solving А=432, B=3,888 
At r= ст, pl SB, 
81 
_ 16x 3,888 


51 —432 


=336 kg/cm? 
Steel rod : 


f= —р= —336 kg/cm, both compressive 


((Lond. Univ.) 


(1) 


(2) 
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Hoop strain in bronze at r={ ст, 


i 1300°8 
1,200-£0:3 x 336)  — — 
т A D 


=0:0013008 
Increase іп internal diameter 
—0:0013008 x 4:5 =0`00585 cm 


Hoop strain in steel at r={cm, 
1 2352 
=—(—3 0:3 х 336) = – سے‎ 
Е 36+ 336) 51х10 
— —0:000112 


Decrease in diameter 
— 0:000112 x 4-5 =0:000504 cm 


Difference in diameters 
— 0۰00585 -+ 0000504 = 0006354 cm. 


18. A steel cylinder 16 cm external diameter and 12 cm internal dia- 
meter has another cylinder 20 cm external diameter shrunk on to it. If 
the maximum tensile stress induced in the outer cylinder is 800 kg/cm’, 
find the radial compressive stress between the cylinders. 

Determine the cicumferential stresses at inner and outer diameters of 
both cylinders and show, by means of a diagram, how these stresses vary 
with the radius. Calculate the necessary shrinkage allowance at the 
common surface. Е=2х10° kg/em?. (Lond. Univ.) 


Эщег Cylinder : 


Maximum stress at к=$ cm, 
В 
0=—+A 
80! cá +A 
1 ure 0= RUN -A 
External press 100 


Solving ARDET 
B 
At r=8 ст, pee 


. 1,280,000 12,800 
= 64х41 41 


—175-6 kg/cm? 
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r=10 cm, f^ 


_ 1,280,000 , 12,800 
100x 41 4l 


= 624 kg/cm? tension 
Hoop strain at the inner surface 


W 1756 
(0+ P ) 


Increase in diameter — (з + 1156 ( 
E m 


Tnner cylinder : 


B' , 
t = =175'6=2 — 
А r=8 cm, р=175:6 54 А 
В’ 
At =6 cm, p=0=2~-4' 
r cm, p 36 A 
SONS VALE LOLO в'— —175°6 x 576 
7 7 
В’ 
At = А’ 
r=6 ст, f: 36+4 
=— 1756x576 _ 175:6х16 
36х7 7. 
= —803 kg/cm? comp. 
В’ 
At = == +A 
r=8 cm, f- at^ 


1756x576 _ 1756х16 


64х7 7 


= — 627 kg/cm? comp. 
Hoop strain at the outer surface 


1 1756 
=——{ 627— 
=( pt m ) 


Decrease in diameter =K( 627- 1756 ) 
Е т 


(1) 


(2) 
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-. Shrinkage allowance on the common diameter 


= (+ 2) ='É(800 +627) 


_ 16х 1,427 
2x 10° 
=0°01142 cm 
The circumferential stresses and their variation are shown in 
Fig. 19. 
800 
Parabolic 
624 
Outer 
cylinder 1 ўа 
P= 607 п=аст r= (0cm 
Comp. 
627 
р. 5 
oe Parabolic 
Fig. 19 
19. A gun-metal cylinder, 12 cm external diameter and 7:994 cm inter- 
m external diameter and 


nal diameter is forced on to a steel cylinder 8 c 


4cm internal diameter. 
Calculate the maximum resu 

s modulus to be taken 2х1 

and Poisson's ratio 


lting stresses inthe steel and gun-metal. 
0: and 10° kg/cm? for steel and gun- 


Young’ 
0:35 for both metals. (Lond. Univ.) 


metal respectively, 
Let p be the pressure at the common surface. 


Gun-metal cylinder : 


22 و‎ 
atre d 
B 
eig 
9 36 
Solving Acip B=*5°P 
proe Mp VS, 
At r=4 cm, ЕВА 36xs 3 


=13 p tension 
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G G 


| 
l 
| 
"RIS 2:95 p | 
=) P+035 р} 22Р | 
Hoop strain AE P+ p) Е | 
Increase in internal diameter 


— 2950.9. 23°67 


= z SPICE | 
Steel cylinder : 
В’ , 
== A 
To 
0———4A' 
Solving 4'm—íp B'--—1&p 
At г=2 cm, maximum fe А' = 8 р 
At r=4 ст, fei t=- $p 


Hoop strain at the outer surface 


Decrease in the external diameter 


3:95р 31°6р 
Е. ч 
SE ein ЗЕ (2) 


" . В | 
Difference т diameters 


= (+ (= 239p. $ 36р 
G 


ЗЕ; 

1 A 23-6р 3l'6p 
1567 0:006 — c ee ELI 
06 10" + 3x2x 108 


P=208 kg/cm? 
Maximum f in gun-metal at r=4 ст, 
= 1 р=13х208 
= 541 kg/cm? tension 
Maximum f in steel= —8 p= — $ x 208 


= — 555 kg/cm? comp. 
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20. A high tensile steel tyre, 2 cm thick, is shrunk on a cast-iron rim 
having 48 cm outside diameter and 6 cm thick. Find the inside diameter 
of the steel tyre to the nearest thousandth of a centimetre if, after shrin- 
king on, the tyre exerts a radial pressure of 500 kgjcm? on the cast-iron 
rim. 

E for ѕіее1—2:1 x 10° kg/cm", 

E for С. 1.=10° kg/cm’, 

т=4 for both. (Engineering Services, 1964) 


(Ans. 47-774 cm) 


21. A solid plug gauge of steel has a diameter of 2.0004 cm, and is 
forced into a ring gauge of the same material, which measures 2 cm inside 
diameter and 4cm outside diameter. Its axial length is 2 cm. What is 
the maximum stress in the ving, and what force is required to slide the 
ming the coefficient of friction is 0:3? Take E—2x 10° kg/cm’. 


plug, assu 
(Lond. Univ.) 
Ring : 
At r=lem, p-B—A 
B 
t =2 ст =—-A 
A r А 1 
5 4 
Solving 4-4, Ве + 
Аї r=1 cm, maximum hoop stress 
Ap, P 
IBTA 2р 
EE 
= tension 
i (5р рү рү ә 
Hoop strain SF ar = = 3m 
Increase in internal diameter 
TUIS. di ; 
E ED m ERI (1) 
Plug: | 
{= — p, both compressive 
strai As 2)--2 (1-1) 
Hoop strain =Е DU E = 


in di 2201-1 E) 
Decrease in diameter £ a 
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*. Difference in diameters 


_ 3<2 x 109 x 0-0004 


= 16 =150 kg/cm? 


pal ote 5 ^ 
Maximum f in ring = Ps х 150 


=250 kg/cm? 
Area of friction surface=xx 2x2- 4: cm? 
Total radial pressure P= 150 x 4x = 600х kg 
Force F=0°3 x 6007 —565 kg. 


22. A steel cylindrical plug of 10 cm diameter is forced into a steel 
sleeve of 16 cm external diameter and 8 cm long. Ifthe greatest circum- 
ferential stress іп the sleeve is 900 kg/cm?, find the torque required to turn 
the plug inthe sleeve assuming the coefficient of friction between the plug 
and the sleeve is 0:2. (Lond. Univ.) 


(Ans. 99,100 kg cm) 


23. A compound cylinder is to be made by shrinking an outer tube of 
24 cm external diameter оп to an inner tube of 12 cm internal diameter. 
Determine the common diameter at the junction if the greatest circum- 
ferential stress in the inner tube is to be two-thirds of the greatest circum- 
ferential stress in the outer tube. (Lond. Univ.) 


(Ans. 19:46 cm) 

24. А cylinder consists of an outer tube of internal and external 

diameters 16 cm and 18 cm respectively shrunk on to an inner tube of 

internal and external diameters 8 cm and 16:01 cin. respectively, The inter- 

nal pressure developed in the cylinder is 3,000 kg/cm?. If E=2x 105 kg/cm, 
find the maximum hoop stress developed in each tube. 


(Engineering Services, 1957) 
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Due to shrinkage : 


Fig. 20 


Let p be the pressure at the common surface. 
Outer tube : 


B Я 
At г=8 ст, р==1— 4 


At r=9 cm, Ри 


Solving A=$4p, В= 17-Р 


At r=8 cm, ай 


_ 5,184, 64 


ma 1/145 P.( 145 
Hoop вп (275 +2)- ENIT +i 


Increase in internal diameter 


^ 6p (189 145 + 1) 
m 


Inner tube : 


D 


At r=8 cm, 64 
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(1) 
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В' 
t =4 0=—- 4! 
A r cm, 16 
Solving А'=—{р, В'=—% р 
At r=4 cm, ЕВА = 4р comp. 
BAT 
At ‚ r=8.cm, fuc hd = бр comp. 


Т 1 5 W1 
Hoop strain= L( — 354.2). р(5_ 
eet = 32+2) 2(3 т 


Decrease in external diameter 


sel‏ ل 
E\3 m‏ 
Difference in diameters‏ 


-@+ = 2)45 4 5) 


_ 16x 520p 
31E 


i. e., 16 x 520p_ 
51х2х 108 
р=122:6 kg/cm? 
Outer tube, inner surface 
= р= x 122-6 =1,046 kg/cm? tension 
Inner tube, inner surface 
f-—ip- —$x122:6— —327 kg/cm? comp. 
Due to internal pressure 


=0:01 


At r=4 ст, 3,000 = — 4" 
B 
E 022. — 4" 
At r=9 cm, 8i A 
Solving А" 34600 р" 9,600x81 


13 
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9,600 x 81 9,600 

A =4 => а. 
: леш i TE T 

=4,480 kg/cm? tension 

- 9,600 81 + 9,600 


At r=8 cm, aay Fe 
=1,673 kg/cm? tension 
At r=8 cm, maximum fin outer tube 
=1,046- 1,673 —2,719 kg/cm? tension 
At r=4 cm, maximum fin inner tube 


=— 327+ 4,480 —4,153 kg/cm? tension. 


25. А steel plug 8 cm diameter is forced into a steel ring 14 cm external 
diameter and 6cm wide. From a reading taken by fixing in a circum- 
ferential direction an electric-resistance strain gauge on the external 
surface of the ring, the strain is found to be 1:49 х 10-1. Assuming и=0-2 
for the mating surface, find the force required to push the plug out of 
the ring. Also estimate the greatest hoop stress in the ring. 


E=2 x 10} kg/cm. 
Let p be the pressure at the common surface. 


Steel ring : 
= cB 
At r-4cm, р=76—4 
B 
=7 022.— 
At r=7 cm, 5 A 
Solving A=18 p, в=16^#9 р 
33 
At r=7 cm, fa 5+4 
= РР 
={ Р 
Hoop strain at the external surface 
d 32p 
33E 
ie __ 327 =1-49х10- 
TS 33 x2x 10° 


p=307 kg/cm? 


$6 
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Area of friction surface = 7 x 8 x 6 =48r cm? 
Total radial pressure P=307 x 48x kg 


Force F=307 x 481 x 0:2 =9,260 kg 
Greatest hoop stress at r=4 cm, 

= B 1 —49 165—955 

18 A-—iiptiip—iiP 

= $5 x 307 

=605 kg/cm?. 


26. A steel rod, 6 cm diameter, is forced into a bronze casing having 


an outside diameter of 10 cmand thereby produces a hoop tension at the 
outer circumference of the casing of 350 kg/cm’. Determine (а) the radial 
pressure between the rod and the casing, and (5) the rise in temperature 
which would just eliminate the force fit. 


1 
For steel, £=2Cx10° kg/cm’, 7 —0:28, 0—12:x10-5 per degree C. 


For bronze, E=11 x 105 kg/cm*, + —0:33, а=19х10-© per degree С. 


(Lond. Univ.) 
Bronze casing : 


At r-5cm, 350-244 
25 
B 
At =5 ст, 0=—— 
r cm. 25 A 
Solving A-2175, В=4,375 
B 4,375 
At *=3cm, pel—4-2—-——- 
pay 9 175 
= 311 kg/cm? 
At r=3 cm, fec А375 +5 


—661 kg/cm? 
Hoop strain at the inner surface 


1 763 
=. " 3 m Us 
CR ae ie ПХ 108 
= 0:000694 
Increase in internal diameter = 6 x 0000694 cm (1) 


Steel rod : 
f=—p=—3l11 kg/cm? 
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4 1 : 224 
Hoop DIL UT (—311 +0۰28 x 311) = — 20 
= — 0000112 
Decrease іп 6 ст diameter =6 х 0°000112 (2) 
-.. Difference in diameter = (1) + (2) =6 х 0000806 
Thus (ay—as)T x 6 =6 x 0:000806 
or 7х 10-х T=0-000806 


T=115 degree С. 


27. A steel shaft 3 cm diameter is to be encased in „a bronze sleeve, 
4:5 cm outside diameter. which is to be forced into position and, before 
the inside diameter of the sleeve is 0001 cm smaller than the 
Find (а) the radial pressure between the shaft and 
sleeve, (5) the maximem hoop stress in tbe sleeve, (c) the change in out- 
side diameter of the sleeve. Е for steel~ 20x 10° kg/cm, E for bronze 
‚10° kg/cm, Poisson’s ratio for steel «029, Poisson's ratio for bronze 
.34. (Lond. Univ.) 


00285 cm) 


forcing on, 
diameter of the shaft. 


<> 


(Ans. 475 kg/cm; 1,235 Каст“; 
28. А bronze bush having an outside diameter of 18 cm and an inside 
diameter of 10 cm is pressed into a recess in a body which is assumed to 
be perfectly rigid. If the diameter of the recess is 17:995 cm, find the 
radial pressure produced on the outer surface of the bush and the maxi- 
mum hoop stress in the bush. Determine also the change in the inside 

diameter of the bush. 
For bronze take E=10* kg/cm“ and Poisson's ratio=0°35, 
(Lond, Univ.) 


Let p be the pressure on the outside surface of the bush. 


r=9 em, pegr— A 


At 
at r=5cm, 0=5374 
Solving i-- EP сч 
At r=5 cm, Ј=%+ 4 
= -Нр-Нре-йР 
At r=9cm, f +4 
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Hoop strain at the outer surface 


р 035) 
(287+) = ES 
__ 1543 р 
а Е 
я -543 
Decrease in the outer diameter=! 332 8 
ans 543 рх 18 
i, e, Оор 


p= 180 kg/cm? 
Maximum f at r —5 cm, 
=— $} p=— $} x 180=—521 kg/cm? comp. 
Hoop strain at the inner surface 


_ 521 
10° 
Decrease in the internal diameter 


_ 521 

105 

29. А tube 8 cm inside by 12 cm outside diameter is to be reinforced 

by shrinking on a second tube of 16 cm outside diameter. The compound 

tube is to withstand an internal pressure of 350 kg/cm? and the shrinkage 

allowance is to be such that the final maximum stress in each tube is to 

be the same. Calculate this stress and show on a diagram the variation 

of hoop stress in the two tubes. What is the initial difference of diameters 
before shrinking оп? E=2x 10° kg/em*, 


Due to shrinkage 
Let p be the pressure at the common surface. 


x 10—0:00521 cm. 


Outer tube : 

At 6 em, p= —A 
At r=8 cm, 0-2-4 
Solving A=} р, B=515 р 
At r=6 cm, f- A 
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At r=8 cm, /- 4 


=$ p+} p=} p 


Inner tube : 
T SER р 
At r=6 cm, р=з А 
КЕВИН 
At r =4 cm, 0=т6 A 
Solving A'2 —$p, B'2 —34*p 
z Ва есабы ES 
At г=4 сш, f: 1614 =т=) 
В' , 4 9 13 
t = f Баре 9. Prod I3 
A г=6 ст, ў=хе+4 HS EP 3 
Due to internal pressure 
is Tung Up 
At г=4 cm; 350—415 A 
= E 4« 
At г=8 ст, са A 
Solving 4-350. pr 22,400 
3 3 
At r-4 om, f- A" = 1400 350 583 к/ст? 
16 3 3 
В" 5,600 , 350 
- И uc £m324k 2 
At r=6 cm, f 36 + 57 + 3 24 kg/cm 


At r=8 cm, در‎ + 4 3 +35 =233 kg/cm* 


Maximum hoop stress will occur at the inner surface of each tube. 
Equating these values for the two tubes we get 
28. p+324=—48 p 583 
p=36'1 kg/cm? 
fM p+ 324 = 5} × 1 +324 
—453 kg/cm* 


or 
Maximum 


P. $. M. (1-7 
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Stress diagram is shown in Fig. 21. 


Stress due to internal pressure 


Hoop slress 


4em 
р Initial stress 


130 
Fig. 21 


Due to shrinkage 
Hoop strain at the inner surface of outer tube 


1 361 
EN 
(129+ 


т 
Increase in the inner diameter =) 9 + 361 


Hoop strain at the outer surface of inner tube 
1 361 1 361 

=—( —94+—— |= eae 

z( m (и т 


Decrease іп the outer diameter =2(94— 361 


n 
г 12 361) 12/4, 361 
Difference of diameter =12( 1294 301) 42 (04 == 


loge _ 12х223 
ee у 
=0'001338 cm. 


30. A steel cylinder is shrunk on to another, 
having an outside diameter of 16 cm, 
diameter of 12 cm at the contact sur: 


the compound cylinder 
aninside diameter of 8 cm and a 
face. If the shrinkage produces a 
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radial pressure ро at the surfaces in contact, after which the compound 

cylinder is subjected to an internal pressure р, find the ratio of p, to p, so 

nsions in the two cylinders shall be the same. 
(Lond. Univ.) 


(Ans. 0:103) 


side diameter 24 cm and inside diameter 
$20 cm and 16 cm, the inter- 


that the maximum hoop te 


31. A steel cylinder of out: 
20 cm is shrunk on to one having diameter: 
ference fit being such that under an internal pressure p the inner tensile 


stress in both cylinders=850 kg/cm?*. 
e nominal 20 cm diameters, and the value 


Find the initial difference in th: 
(Lond. Univ.) 


of p if E-2x10* kg/cm’. 


Due to shrinkage 
Let py be the pressure at the common surface. 


Outer cylinder : 


B 
Po 100 —À 
B 
02 ——-— 
144 4 
25 3,609 
Solving A =o, B= P 
__В 236 1025 
At г=10 ст, = 1004 itn» 
=$ip, tension * a) 
Inner cylinder : 
В’ ر‎ 
Po 100 —А 
0 == А 
' 25 й 1,600 
Solving A'— — Spo В 9 2 
В’ 25 235. 
At r=8 cm, Hatt = =P. э” 
= po comp. wl x 
B' 2 16 1425. 
At r=10 cm, fea ghe gh 


= — 4k po comp. oe (3) 
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Due to internal pressure 


Solving A" ={p, В'=5%]вр 


ВЕ оО А 
At r=8 cm, ЛЕА РР 
—!$p tension 


At 7 Юст, f= vau, رھ‎ 


276 P tension 


Total tensile stress at the inside of outer tube 


=(0+6) - 9L, + 6 


5 
Я 61 9776 
i. e, АО, 
or Po 0:352p —153:3 


Total tensile stress at the inside of inner tube 
=@)+(4) = — 9p, 4-39 p 
те. —5? py--3$p— 850 
ог —Ро-+ 0`468р=153 
Solving equations 6 and 7 
P=373'5 kg/em?, Po=21'8 kg/cm? 
Due to shrinkage : 


‚ Hoop strain at the inner surface of Outer cylinder 


Increase in the internal diameter of outer cylinder 


20/61, m 
EN” m 


Hoop strain at the outer surface of inner cylinder 
=-1(41, p 
m 


(4) 


(5) 


(6) 


(7) 
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Decrease in the external diameter of inner cylinder 


__ 20/41 -h) 
-in ГА o (9) 


Initial difference in diameters 
20 
- 69 - (Simi P) 


20 x 10°1 x 21°8 


10 


=0:0022 cm. 


32. The external diameter of a steel hub is 16 cm and the internal 
diameter increases 0-01 cm when shrunk on to a solid steel shaft of 10 cm 
diameter. Find the reduction in diameter of the shaft, the radial pressure 
between the hub and the shaft and the hoop stress at the inner surface of 
+че hub. Poisson's ratio —0:304, E=2 x 10° kg/cm*. (Lond. Univ.) 


Fig. 22 


Let p, be the pressure at the common surface. 


Steel hub : 
B 
Po—35—4 м (1) 
В 
=—-А “ 
07 à (2) 
Solving equations 1 and 2 
_25 »_ 1,600 
А=зур e m Po 


At r=5 cm, А SP 
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Hoop strain at the inner surface 


1/89 
=—(—p +0304 
Е N39 $ n) 


_ 2584р 
Е 
Increase in internal diameter 


= 2584p x10 
= E cm 


2:584p, R 
а x 10=0°01 
or ро =774 kg/cm? 
At r=S cm, f=§§po=1,766 kg/cm? 


Hoop strain at the outer surface of the shaft 


o 
= (p+ 0304p) = — LEP. 


Decréase in the diameter of the shaft 
_ 9696» „ ر‎ 0'696х774х 10 
Е = eee 
E 2x 108 
—0:00269 cm. 

33. A short steel rod 4 cm diameter is subjected to an axial compressive 
load of 20tonnes. It is surrounded by а stcel sleeve 1 cm thick, slightly 
shorter than the rod, sothat the compressive load is taken only by the 
rod. Assuming a close fit between the sleeve and the rod before the load 


is applied, and neglecting friction, find: (a) the pressure between the 
sleeve and the rod, (b the maximum tension in the sleeve. Take Poisson's 


ratio=—0'3. (Lond. Uniy,) 
Steel rod : 


я 20,0 
Longitudinal stress f; = =1,592 kg/cm? comp. 
—x 42 


Let p be the pressure at the common surface. 
f= —p, both compressive 
Hoop strain at the outer surface 


= (-p+03p+0:3 x 1,592) 


1 
07, 
(—0°7p+477 6) 


THICK CYLINDERS AND SPHERES 95 


Steel sleeve : 


At r=2 ст, دم‎ 4 
At r=3 оО ВМ 
9 
; 4 36 
Solvin; А рн: 
5 5 Р 5 p 
B 13 
At r=2 cm, f=—+d== 
n, f: z +A 5 P 
Hoop strain at the inner surface 
1/13 2:9p 
=—{ =p+03p (== 
3p 403p)=22 


Hoop strain in the rod and the sleeve will be equal at the common 


surface. 
am «D pets о AP 
a ims 0-7p+477 6( = 


=132:7 kg/em* 


Maximum tension in sleeve 
=18 p=345 kg/cm. 
34. A steel plunger for a hydraulic pump is 4 cm diameter and is 
encased in a bronze casing 1 cm thick. Assuming a perfect fit, without 
> 
initial stress, calculate the maximum stresses occurring in the bronze and 
steel when under a radial pressure of 500 kg/cm*. E for bronze and steel 
8x 10: and 20x 10° kg/cm? respectively. Poisson’s ratio for bronze 0:33 aH 
for steel 0:3. (Lond. Univ.) 


Let p, be the pressure at the common surface 
Steel plunger : 

f=—Po comp. 
Hoop strain at the outer surface 


= E(-p+03M)= 7 


H 


Bronze casing 


At r=2cm, p= - 
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500 kg/em? 
Fig. 23 
T г=3 cm, 500—5.— 4 
Solving A= po—900, B= 39 p, —3,600 
At r=2 om, fe 44-8 Ро — 1,800 


Hoop strain at the inner surface 


E 
"EA e= 18004033, 


E ZEB- 1,800) 


Hoop strain in steel plunger and bronze casing will be equal at 
the common surface. 


= OI “Жуу 293201,800) 
Solving Po=561 kg/cm? 
Stresses in bronze : 
At r=2 cm, f= "n js; 800 


= —341 kg/cm? comp. 
At r=3 em fot +4=8 Po—1,300 


= —402 kg/cm? comp. 
Hence maximum hoop stress = 402 kg/cm? comp. 
Maximum radial stress = 561 kg/cm? comp. 


€——— ""—————— 
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Stresses in steel : 
= —p,= —561 kg/cm? both compressive. 


internal diameter and 40 cm external 
diameter is surrounded by a closely fitting steel sleeve of 45 cm external 
diameter. Calculate the maximum hoop stresses in the steel and bronze 
when an internal pressure of 300 kg/cm? is applied to the compound 
cylinder, assuming that before the application of this pressure, the contact 


stress at the common surface is zero. 
E-2x10)kg/cm?, Poisson's ratio— 0-28. 


35. A bronze cylinder of 30 cm 


For steel, 
For bronze, E—10* kg/cm’, Poisson's ratio —0:35. 
(Lond. Univ.) 


(Ans. 863 kg/cm? tension, 609 kg/cm? tension.) 


of 4cmdiameter is pressed into a steel sleeve so that 
150kg/cm? and the circumferen- 
Determine the increase 


36. A steel bar 
when assembled the radial pressure is 
tial stress at the inside of the sleeve is 240 kg/cm*. 
of radial pressure when the bar is subjected to an axial compressive load 


of 5,000 kg. Poisson's ratio —0:304. (Lond. Univ.) 


At the inner surface of the 


R? 
sleeve f= RORA p 


Initially /=240 kg/cm?, 
р=150 kg/cm? 


the axial load 


Finally when 
plied on the bar 


of 5,000 kg is ap 


Bar: 
m 5,000. =398 kg/cm? compression 


Е x4 
4 


Л 


е in radial pressure. 


e П sp, Л. 
Change in hoop arin = L(+ +) 


Let бр be the increas 
Increase in hoop stress =P 


Sleeve : 
ROURE 
Increase in hoop stress, 8f: "A nr | 65р 
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i ПИ 8p 
Change in hoop strain - (1 GSE 


Change in hoop strain at the common surface will Бе equal. 


v atf. x эр Л\—1 6554. 8P 
dá z( вр Е 1 ر‎ 


or 26õp= f 


Ae ate emt‏ ر 


Find the axial compressive load that should be applied to the shaft to 
increase the radial pressure to 140 ke /cm*, 


Poisson's ratio —0-304, Е=2х 103 kg/cm". (Lond. Univ.) 


(a) Hoop strain at the inside of 
the sleeve 


== (=) 


Increase in the internal dia- 
meter of the sleeve 


(1+2. aw 


m 


Hoop strain at the outside of the 
shaft 


bf А ЕЙ p 
: al a ae AG т 
Decrease in the diameter of the shaft 


_2 р—_Р. 2 
al т + 2 
-. Initial difference of diameters 


Fig. 25 


= _ 2 o 
"OQ - 0+) = x 300 
= 00003 ст. 
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(b) Longitudinal stress 


jg P 
f= =— kg/cm? comp. 
п n 
ی‎ 
4 
Sleeve : 
Let f’ and p' be the altered stresses. 
Th EEN o 
iv p 100 
f' =2p'=280 kg/cm? 
С Eon 1 Р p 
t th de=— E 
Hoop strain at the inside z(t oh 
Increase in internal diameter= 2(7 42 бс (3) 


Shaft : 
; i ЛЕР! L) 
Че—— TRT) 
Hoop strain at the outside z(» nm 


.. Decrease in diameter 220 2228 л) (4) 
Е т m 


Difference in diameters 


=) +)=2(s+0'-4) 


m 


0:304P 


п 


2 
=—( 280 = 
2( 80 4-140 


-2 х 300 (original difference) 


Р=1,240 kg. 


38. А steel cylinder 5 cm bore and 8cm outside diameter is fitted with 
‘onze liner of 4 cm bore. Calculate the greatest stress produced in both 


e cylinder and liner when the temperature is increased 100°C. 
Coefficient of expansion: steel, 11:6х10-%; bronze, 18-9 х 10-5 per °С. 


Modulus of elasticity: steel, 2x10; bronze, 10° kg/cm?. 
Poisson's ratio for both steel and bronze 0-29. (Lond, Univ.) 


Let p be the pressure at the common surface. 


Steel cylinder : 


At 
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B 
= =——A 
At r=4cm, 0 16 
: 25 _ 400 
Solving А=зур, E 
5 _ 4В _ 89 
At r= > cm, fog + 4 =p 


; =1 (89 р _ 257p 
Hoop strain, = (бро 29) = 257Р. 


Bronze liner : 


65 ABREU 
At aS CD, P A 
At r=2 cm, о 
Solving A — 30р, В' —1985 
5 ABAD PEUT 
At gm cm, БЭ А’ = пр 


Е o NEU 4 
Hoop strain, ев z( 92+029 J- 7 


We know that 257p 20р =T(ay—as) 
Es E 


в 


257p ‚ 427p _ : VPE TT 
Or 2x10: + Gor = 100(18:9 x 10-5 11:6 10 ) 
or р=131-4 kg/cm? 


Greatest hoop stress in steel cylinder 


=#90—300 kg/cm? tension 
Greatest hoop stress in bronze liner at r=2 cm, 


-2+ А'=— P= —730 kg/cm? comp. 


mum stresses in the brass and steel, Take the 
steeland brass аз 10:8x 10-5 ава 18x 10-6 
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as 20x10'and 8:5x10* kg/cm? for steel and brass 


Young’s modulus 
oth cases. Neglect longitudinal 


respectively and Poisson’s ratio j in b 
frictional forces between the rod and tube. (Engineering Services, 1968) 


(Ans. 545 kg/cm? comp., 908 kg/cm? tension.) 


8 cm internal diameter, 


40. Find the thickness of a spherical shell of 
ifthe permissible tensile 


to withstand an internal pressure of 300 kg/cm*, 
00 kg/cm*, and shear stress 450 kg/ cm?*. 


stress is 6 
kness under pressure of such a shell ? 


What is the change of thic 
E=2%10° kg/cm’, Poisson's ratio—0'3. 


p compression — Dx A 
r 


ftension = P +A 


Let R, be the external radius of the shell. 


B 
= = ——4А 
Аї r=4 cm, 30 6 
В 
At г= К}, 0= RS -A 


Е 19,200 19,2005, 
Solving А= пз ' В= Roce 


4 1920089, 19,200 
1=5=+4= экз 64) * RP 


_ 19,200 / К ) 
=з Л 


Maximum hoop stress at r=4 ст, 


19,200 / R? ,, \_150(® +128) 
ов 
Re —64 \ 128 11—64 


150(В,3+ 128) 
RS 64 
В3=128 


or 
è no В=5'04 ст 


Maximuin shear stress, 
q-3 (30023 18008128) + 300 
Re—64 


_ 225813 
Rp 64 


600= 
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_ 22583 
са 


ог В! =128 


/. Ку=5'04 cm; same as before. 
TThickness—5:04 —4— 1:04 cm 
Hoop strain at the inner surface 


= (600 —0:3 x 600+ 0:3 x 300) =_510. 


Increase in internal radius 


_ J0 
2:10 ر‎ X 4=0°00102 cm 
Hoop stress at the outer surface 


— _19,200 x 3 — 28800 _ 28,800 
Rj?$—64 2 R3-64  128—64 
=450 kg/cm? 
Hoop strain at the outer surface 


=} (450-03 x 450) = 3. 
Increase in external radius 


= Shoe (50420000794 om 


Decrease in thickness 
=0°00102 — 0:000794 =0:000226 ст. 


— 
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ROTATING RINGS, DISCS AND CYLINDERS 


1. The thin rim of a wheel 80 cm diameter is made of steel, weighing 
7.8 g/cm? Neglecting the effect of the spokes, how many revolutions per 
minute may it make without the stress exceeding 1,500 kg/cm*, and how 
much is the diameter of the wheel increased ? £—2:1x 105 kg/ cm*. 


م ے 

f g 
07:804703 
yep 1,000 x 981 


2 — 1,500 x 1,000 x 981 
78 


u= 13,740 cm/sec. 


or о 


DN 
В р== 
ut 60 

0— => 80xN 

ог 13,74 = Cone 
N=3,280 r. p. m. 

a — 1,500 
Hoop strain Ех 
1,500х 80 


Increase in diameter= —0:0571 cm. 


2:1 x 108 


2. À disc of 24 cm diameter has a central hole of 4 cm diameter and 
runs at 4,000 r. p. n. Calculate the hoop stress at the inner and outer 
radius given that m=4 and р=7-8 в/ст?. 


At the inside 
= 903+ 1 )re+(1 E A 
4g m m 


78 «( 27 x 4,000 


60 . 224.0" 2 
рах х (3:25 х 1224 0°75 х 22) 


—164:3 kg/cm? 


104 PROBLEMS IN STRENGTH OF MATERIALS 


At the outside 
Po -L юз 34L р 
f 2 z^ «(3+2 Re 
‘ 2r x 4,000 ү 
(LE O: 


= ——7Т000 х4 х 981 
= 42۰2 kg/cm?. 


(0-75 x 1224-3-25 x 22) 


3. A circular saw 5 mm thick, 90 спа diameter, is secured upon a 10cm 
shaft. The steel of which the saw is composed has a weight of 8:1 g/cm’, 
and m=3:5. Determine the permissible speed if the allowable hoop stress 
is 2,500 kg/ cm*, and find the maximum value of the radial stress. 


f ees i-e] 


81xo* 1 1 
34 —— 4322 ——— Js? 
( hi S +(1 3:5 J | 


2,800— — T 


1,000x 4x 981 


_ 8'1хо? х 6,670 
1,000 x 4 x 981 


«б 2,500 x 1.000 x 4 x 981 


9r &1x6670 =181,600 
& =426 rad/sec. 
_ 60° _ 60х426 _ 
У —5: 74070 r.p.m. 


; 1 \ ро? 
M (3 ENR рү 
aximum p ( +1) 8g (Ry — R) 


=+ 1 x 8:1х 181,600 x 402 
3.5 1,000 x 8 x 981 
=985 kg/cm?, 
4. A disc of uniform thickness is 80 cm in diameter and has a pin 


hole at the centre. Determine the maximum hoop stress in the disc when 
it rotates at 3,000 r.p.m. Density of disc material is 7:8 g/cm? and Poi- 


sson's ratio— 0:304. 
For a hollow disc 
(ente 
m mJ ^ 


2 
maximum f=22 
4g 
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When A; is very small 


maximum = (3 + E) R? 
4g m 


(253,000 ) 
тзх( 60 x 


ИЯ eee 
1,000 x 4 x 981 
—1,037 kg/cm? 


5. Athin disc, 80 cm diameter, is having a central hole of 20 cm 
Find the maximum hoop stress if the maximum radial stress 


3:304 x 40? 


diameter. 
is 200 kg/cm’. Assume m=4. 


= 1)\ 90? ор ру 
ре (o tuo 


or 200= (51- x Ро? 30 
8g 


(з + +) + (1 225) х | 


=721 kg/cm?, 


6. The rotor of a De Laval steam turbine is 60 cm diameter at the blade 
ring and is 9'5 cm thick at the centre. Calculate the thickness at the 
blade ring if the r.p.m. are 10,000, the stress uniform and equal to 1,800 


kg/cm? and the density of the material is 7:8 g/cm’. 


m UE 
4х 117 


Thickness t= е 
2x x 10,000 Y* 


D T8x зо°х(. 60 2 is 
= = سے‎ 9780 
At OL er 1,000 x 2 x 1,800 x 981 


1=9'5 хе7218--9°5 Х 01131 
=1:074 ст. 


7. А De Laval steam turbine rotor is 16 cm diameter below the blade 


ring, and 6 mm thick, the running speed being 30,000 r.p.m. If the 
material weighs 78 g/cm’, and the allowable stress is 1,500 kg/cm?, what 
is the thickness of the rotor at a radius of 4 cm and at the centre ? 


Assume uniform strength. 


8 
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е (22x 30,000 y 
р «( 60 


= =0` 
2fg  1,000x2x1,500x981 USE 


At г=8 сш, 0'6—1,x e-0:0202*61 
= X e1077 


SO h=06x авт —0:6x 5:35 
—321 cm. 


At r=4 cm, 1=3'21 x e-0029216 = 3-2] x e-019 
=3:21 х 0:658 
= 2-11 cm. 


8. A steel turbine disc is to be designed so that between radii of 25 cm 
and 40 cm the radial and circumferential Stresses are to be constant and 
both equal to 600 kg/cm?, when running at 3,000 r.p.m. If the axial thick- 


ness is 12 mm at the outer age of this zone, what should it.be at the inner 
edge? Assume p=7:8 g/cm?. 
22 
-or c 
1= 4e 7 


ро 


—afg 17800 
At r=40cm, 1-2= 4e 7 


Po 15690 DO eos 
EN TOY d 
=1'2e xe 
2 
РӘ _х915 
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2x x 3,000 \* 
па 60:77 


1,000 x 2 х 600 x 981 
=1:2хе 
=1°2 x е0'633 =1-2 х 17892 
+=2'27 ст. 


9, Find the maximum hoop stress in a solid cylinder of cast iron 40 
cm diameter when making 2,000 rotations per minute about its axis, 
taking the weight 7:2 g/cm" and Poisson's ratio į. 


7.8 х x975 


Maximum fat the centre 


т—1 8g 
2n x 2,000 
{ 0° 
il d ( 6O eod 
A 1,000 x 8x 981 
=563 kg/cm*. 


10. Calculate the maximum stress in a long cylinder 4 cm inside dia- 
meter and 20 cm outside diameter rotating at 3,000 r.p.m. p—78 g/cm’; 
me. 

Maximum f at the inside 


po* — (3m—2)R,t4- (m—2)R;f] 


E: 4g(m —1) 
f 2r x 3,000 Y 
7 ax (2500 


| = Що Х{8Х 101+ 1х2% 
1,000х4х981х ` вхо 
—677 kg/cm?. 

11. Compare the periphery velocities for the same maximum intensity 
of stress of (a) a solid cylinder, (5) а solid thin disc, (с) a thin ring. Take 
the velocity of the ring as unity and m=3-5. 

Solid cylinder : 

f= 3m—2 po*R?* 
» m-1 8g 
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Solid thin disc : 


(se) ett (ord) ме 
f 8g (+ 35)" Be 


S URIE) x&f 


Thin ring : 


Hence 212: v: v,2=2-35 : 2:43: 1 
or Up: OU. : 24—1:533 : 1:559 ; 1. 


12. A circular disc 50 cm outside diameter has a central hole and 
rotates at a uniform speed about an axis through its centre. The dia- 
meter of the hole is such that the maximum stress due to rotation is 8595 
of that in a thin ring whose mean diameter is also 50 cm, If both are of 
the same material and rotate at the same speed determine (a) the diameter 
of the central hole, (b) the »peed of rotation, if the allowable stress in the 
disc is 900 kg/em?, р=7.8 £/cm?, and meg. 


Thin ring : 


rio? 
Гара 
8 


900 _ 7:8 х 252 хил 
85 1,000х981 


Г. 9*-—213,000 
0 — 462 rad/sec. 


_ 60a _ 60x462 _ 
N= т =4,410 r.p. m. 


Hollow disc : 
Maximum f at the inside 


D 
ھم ے‎ 1 2 CE 2 
-5 e) (i2 
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900 = 7:8 213,000 „ (3-3 x 2524.0°7 x Re’) 


1,000x 4x 981 
ог 2,130—2,060-- 0:7 R2 
or R,?=100 
„=10 ст 


* Diameter of hole— 20 cm. 


13. The cast-iron cylindrical case of a friction clutch is 48 cm internal 
diameter and 2 cm thick. The internal radial pressure of the friction 
blocks on the case is 6 kg/cm’, and the case makes about its axis 500 
revolutions per minute. Estimate the greatest intensity of tensile stress 
in the material of the case, which may be taken as a thin shell. Weight of 


cast iron 7:2 g/cm’. 


Due to internal pressure : 


PD 6x59 .72kg[cm? 


Due to rotation : 
Mean diameter =48 + 2= 50 cm 


zx 50x 500 V 
fe - 72x( 60 ) 


= 000x980] Еа 
= 12:6 kg/cm? 
Total tensile stress =72 + 12:6 
Д = 84:6 kg/cm?, 


14. A built-up ring consists of an inner copper ring and an outer steel 
xing. The diameter of the surface of contact of the two rings is 60 cm. 
Determine the stresses set up in the steel and the copper by rotation of the 
ring at 3,000 r. p. m. Both the rings are of rectangular cross-section 12 
ection and 20 mm inthe direction perpendicular to 


mm in the radial dir: 


the plane of ring. 
E—2x10* kg/cm’, p—7.8 g/cm’. 


„Бог steel, ; 
For copper, E=10° kg/cm?, р=8'9 в/спа?. 
Due to the fact that copper has a greater density and a smaller 


eel, the copper ring will press on the steel 


modulus of elasticity than st 
denote the pressure per sq. cm of contact 


ring during rotation. Let p 
surface between the two rings. 
Due to contact pressure : 


D Ge | 
Stress in steel, f= "A2 —25p tensile 
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Stress in copper, f,— —— = —— =25p сотр. 


Due to centrifugal force : 
Stress in steel 


78x (125200 y 


"ря? _ ZA 
= g 1,000 x 981 


—735 kg/cm* tensile 
Stress in copper 


8-9 x (5882004) 


n Ped? _ 
fe 5 1,000х 981 


=774 kg/cm? tensile 
Total stress in steel=735+ 25p 
Total stress in copper =774—25p 
Strain for the two rings will be equal. 


Hence 735+25р _ 774—25р 
E, Е, 
or 735425p 774— 774—25p 
2X05 wa OS 
or р= 10:84 kg/cm? 


Stress in steel =735 + 25p=1,006 kg/cm? tensile 
Stress in соррег=774—25р=503 kg/cm? tensile. 


15. Referring to Problem 14, determine the number of revolutions per 
minute at which the stress in the copper ring becomes equal to zero ifthe 
initial stress in the copper ring due to shrinkage is 400 kg/cm? compression. 


fs=25p tensile 


f. —25p comp. 
кх 61:2М \?2 
dime ee 
f= =r = =81°7 x 10N? kg/cm? tensile 
пх 58:8 № \? 
89x EAW 
itz =86 х 10-*N? kg/cm? tensile 


100х981 
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Hence 
81:7 10 °N2+-25p _ 86 x 105° —25p 
2x 10° 105 
p-V204 x 10-8 №2 
Stress in copper due to rotation 
=86 x 10-9N2—25p— 55:9 х 10° kg/cm? tensile 
Initial stress in copper due to shrinkage 
=400 kg/cm? comp. 
For zero stress in copper 
55:9 x 10-5N? —400 
N=2,680 г. p. m. 
16. A steel disc of 20 cm outside diameter and 4 cm inside diameter 
is shrunk on a steel shaft so that the pressure between the shaft and 
disc at stand still is 500 kg/cm*. 


Assuming that the change in dimensions of the shaft are negligible, 
find the speed at which the disc loosens from the shaft. 


1 
zT ЗЕ у 
р 7:8 g/em*, —= 3 


At standstill the hoop and radialstresses in a thin disc are given 
by the equations 
B 


А tensile 


p=A -2 tensile 


They are identical with the equations for a thick cylinder. 
Due to shrinkage : 
Hoop stress at the inside 


CREERSE O2 10?+2? 
JERR 2 10—28 x 500 


= 542 kg/cm? tensile 


Cer m 
Hoop strain == (ue c 4-0 3x 500) 


_ 2 
PFE, 


Due to rotation : 
There is no prsssure from inside. 
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Hoop stress at the inside 


foe Ge EL 


д, T8o* у a 
= T000xaxoar О 3 x 102+ 0°7 x 22) 


_ 78 х 83-202 
1,000 x 981 
7-8 x 83-20? 
1,000 x 981 xB 


This hoop strain should be equal to the hoop strain due to 
shrinkage. 


Hoop strain = 


7:8 х 83:22 692 


Непсё хехе = Е 
on qi 692 x 1,000 x 981 
T8x832 
6 —1,023 


_ 600 _ 60x 1,023 
ee ج‎ =9,770 r.p.m. 
17. A circular disc of outside and inside radii rı and r, 
in two parts, the common radius being a. The outer portion is shrank 
on so as to exert a pressure on the inner. Prove that the hoop tension at 
the inside and outside of the disc will be equal for an angular velocity 0), 
if the shrinkage pressure at the common surface, when the disc is statio- 
nary, has the value 


is made up 


po? (m+1)(r,2 a*)(a?—r,2) 


g 4та? 


Let р Бе the shrinkage pressure, 
(a) Due to shrinkage : 


Inner disc : 
—p-4,—2À 
В 
0=4,-—1 
1 ni 


Solving Aim ,و‎ Biss 5 
2 
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a =i B, __ дар, 
At лат», Е neg PP) S 0) 
Outer disc : 
و‎ 
0=4,—2 
ry" 
2 2q2 
Solvi бер Ba E 
olving А, тз? 2 nica? 
2 
AU | (rena fs NS (tension) PRESS 


mU aa 
Due to rotation : 
Consider the tube as a whole. 


0-4-A- (5 pot م‎ 


r? m/ 8g 
= LB. 1 ) po? „а 
0-4; z (3+1. oia 
i = 1) po зз 
Solving 4.=(3+ Era Tri) 
B =(3+4) POF ара 
3 m 


= ЖА Вз _ Bi po? 2 
At гат AS (1+2 8r Te 


1)\.24(,;-1),2 i 
(+1). uc 1) tension .. (3) 


B 3 oat „а 


= po? 
4g 


tension .. (4) 


Total hoop tension at the inside =(1)+(3) 
Total hoop tension at the outside =(2)+ (4) 


114 PROBLEMS IN STRENGTH OF MATERIALS 


Hence — 2er dr ee ит) | 
@— r? 
2 vt ышы ва? zl ye Ql 
m 22 
1 


or (1 +L) oat (n*?—r,2) Box es 


Po (mt 1)(r,?—a?)(a?-- р; s) 
p= g 4ma? 


18. A thin circular disc of external radius rs 
shaft of radius /,. Prove that when the speed is 
the disc and the shaft will be reduced by 

po Cir 2)f (3m4-1)r,2 ?-E(m— Dre) 
о 
g 40т+1) (п 10) } 
Due to shrinkage : 


is forced on to a rigid 
® the pressure between 


Let p be the pressure at the common surface. 


At the inside, fent 221 E p tension 


Hoop strain — (+2 2). zm. +2) 
rj—rnP m 


Due to rotation : 


Let p be the pressure at the common surface, 
At the inside stresses are— 


Due to p = .p' tension 
Due to centrifugal force 


2 
= ze ye *(1i- Dye | tension 


Total tensile stress 


=» ieee DOs) вена) -Lye | 


> 
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Hoop strain = os =) 
m 


dese] 


2 2 
р ni rn yd 


ese dee] 
io es (+3 tyeh- «| 


(m+ rû (т 1002 po? (m+ Dn? Q-— 1) 


Sr (РИ) т(гу%—г»°) 4g ` т 
p-p- po? (r=: (mt Tyr? (т П) 
g 41(т + Пи + (n— 1)rg3 


19. Determine the stresses due to centrifugal force in a steel rotor with 
an outer radius of 60 cm and with the radius of the inner hole equal to 
10 cm. The outer portion of the rotor is cut by slots 20 cm deep for the 


windings (Fig. 26). 
windings in the slots is the same as that of the material removed. 


р=7.8 g/cm’, т==Җ?. 

Because of the radial slots, 
the part of the rotor between 
the outer radius and the 40 cm 
radius can support no tensile 
hoop stresses. The centrifugal 
force due to this rotating ring 
is transmitted as a radial tensile 
stress across the surface of the 
disc of 40 cm radius. 


Centrifugal force 


60 
= 2nr.dr.t.p.ro? 
8 


The rotor revolves at 1,800 r.p.m. The weight of the 
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= pot 2nt (603— 408) = pa? р 2nt x 152,000 
DES g 3 
Area on which this acts=2n x 40x t 

Radial tensile stress 


po? x 211 х 152,000 _ po? х 3,800 
g 3x2nx40xt g 3 


à 2r x 1,800 y 
78x ( = x 3,800 


1,000 x 981 x 3 
=358 kg/cm? 


Now we can treat the portion of the rotor between radii of 10 cm 


and 40 cm as a rotating disc with a radial tensile Stress of 358 kg/cm? 
on the external surface. 


p= 


Due to external pressure : 
Maximum hoop stress at the inside 
— 2Ríp _ 2x 40° х 358 
R13— Re 40? — 102 
= 764 kg/cm? tensile, 
Due to centrifugal force : 


Maximum hoop stress at the inside 


cR feres rel 
4g m m 


2 
7-8 x( 2n хаю 
= EROQOSAXSST A х (3'3 x 402+ 0:7 x 102) 
= 378 kg/cm? tensile. 


Total maximum hoop stress at the inside 
=764 4- 378 = 1,142 kg/cm? tensile. 


20. A steel disc of 10 cm internal and 20 cm external radius is shrunk 
on a cast-iron disc of 2 cm internal radius. Determine the change in the 
shrink-fit pressure produced by inertia forces at 3,600 r.p.m. 

For steel, E—2x 10° kg/cm, 0—7:8 g/cm’, 

For cast-iron, E—10* kg/cm, p=7-2 glem?. 

Poisson's xatio 0:3 for both. 
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Let p, be the increase in pressure between the steel and cast-iron 
discs. 


Outer steel disc : 


| 27x 3,600 \* 
po? s «( 60 ) 


go 1,000: 981 zb 
ЕК i — (3403) x 213х100. 
A 71—466 "E 
e r 13x400 
i 
= 4 1864 Feo) 


Solving A= }(po +699), В, =*3°(ро-+ 139°8) 


At the inner surface 
f-A 1 =(14+3%03)x 135 100 


= į (Po +699) + 3(204- 139`8) — 26:8 
= +393 


Hoop strain e (f + (= ее pa+393+03p0) 


m 


1 59 
iet 3 +з) 
Inner cast-iron disc : 
: 2x x 3,600 » 
T2x (geo 


po? _ ei 

Е 1,000 x 981 1o43 
1:043 x 100 

=р=4:— E — (3+0: = 


EEG E 
p Y + GB) 
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OSs Pe — (3+0: 3) x Los x4 


B 
РИ 
TO 


72 m (4) 
Solving 4,—3:43—po), B= 3&(413—p)) 
At the outer surface 


= By _ ай: 1:043 x 100 
[24st 100 (1+3x0°3) x 3 


pus I 
=217-15 
Hcop strain= L(+ " = EG 1- Вр: э) 
1 
=r (2!7- Ag) 


Hoop strain of the two discs at the common surface will be equal. 


59 1 
Непсе Ix (2 3 pot 393) =f, (2 1 pa) 


or 106 p= — 496 


po —98:9 kg/cm? (decrease). 


CHAPTER У] 


BENDING ОЕ CURVED BARS 


1. A curved bar of rectangular section, initially unstressed, is subjected 
to a bending moment of 150 kg m which tends to straighten the bar. 

The section is 4 cm wide by 5 cm deep in the plane of bending, and the 
mean radius of curvature is 10 cm. Find the position of the neutral axis 
and magnitudes of the greatest bending stresses and draw a diagram to 
show approximately how the stress varies across the section. (Lond. Univ.) 


: рее 2R+d _ 25 
Modified area, А’ = Rb loge =10х4х losers 


=40 x 0°5108 =20°432 cm? 


122762. 


25cm 


ЛЕЕ КЕ 


0:211 ст 


1,082 


хх - Cenlroidal axis 
NN = Neulral axis 
Fig. 27 


4 =4 × 5=20 cm? 


4'—А=0432 em’, 4 =1-0216 


=--150 kgm (tending to decrease the curvature) 


120 PROBLEMS IN STRENGTH OF MATERIALS 


_ R'—4).... 10x0432 _ _ 9. 
h Yu 20432 0:211 cm 
К Mus ыле | 

RA=A |А Rey | 


At the inside face (у= —2:5 cm) 


_ = 150x100 } 1.0216- 10 
0x 0432 [rone 10-25 | 


=1,082 kg/cm? (tensile) 
At the outside face (у= +2°5 ст) 
—150 x 100 10 
2ے‎ —110216—- ———— 
f 10 x 0:432 E i 10+2:5 
=—769 kg/cm? (compressive) 
The stress distribution is shown in Fig. 27. 


2. А bar 4 спа diameter, curved to a mean radius of 4 cm, is subjected. 
to a bending moment of 50 kg m, tending to open out the bend. Plot the 
stress distribution across the section. (Lond. Univ.) 


A’ Z2nR(R— V R* —r?) -2nx 4(4— у 4* —2?) 


42881 ст? 


4= 3 x adn cm? 


A’ —A=0°288n om, = 1:072 


liz ВСА! А) 4x 02880 
A’ 42887 
= — 0'269 cm 
M= —50 kg m 
At the inside face (у= —2 cm) 


_ —50x 100 |2 | 


f= 4 x 02885 215 
=1,282 kg/cm? (tensile) 
At the outside face (у= +2 ст) 


-50x 100 4 
= :072— —— 
J= 3x 0288s [ro i 


= — 560 kg/cm? (compressive) 
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T The stress distribution is shown in Fig. 28. 


3. The cross-section of a curved beam is a hollow rectangle of outside 
| dimensions 120 cm deepx80 cm wide and inside dimensions 115 cm 
| Чеерх 75 cm wide. The mean radius of curvature is 150 cm and the beam 

is subjected to a bending moment of 50,000 kg m tending to increase the 


curvature. Calculate the maximum tensile and compressive stresses 


set up in the beam. 
А=80х 120—75 x 115 


= 2 
=975 cm во тј 


Н 300+ 120 
A’ =150 x 80 200—120 =ч 


300+115 
—150x75 108300 115 х——- TX 
=150(80 x 0:8473 
—75 x 0:8080): 
=1077'6 cm? 
A'—A=102'6 cm? 


R=150 cm 
Ар 
7 z]1:105 


M= 4-50,000 kg m (tending ` Fig.29 
to increase the curvature) 


р. S. M, (11)-9 
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Maximum tensile stress will occur at the outer surface, y= + 60 cm 
and is 
_ 50,000 x 100 11105 — 150 
150 х 102°6 150+ 60 
=127 kg/cm? 
Maximum compressive stress will occur at the inside surface, 
у= — 60 cm and is 


50,000* 100 Í 1.495 150 | 
150x1026 | 150—60 | 


= — 182'6 Ко/сп1?. 


4. А curved beam, whose central line isa circular arc of radius 12 cm, 
is formed of a tube of radius 4 cm outside, and thickness 5 mm. Deter- 
mine the greatest tensile and compressive stresses set up by a bending 
moment of 200 kg m tending to increase the curvature. 


20049т \ R> [2cm 
3 
\ 


" 
` V. 
N 4 
` Й 
\\ 7 


Fig. 30 


Al =2nR (В- М R£— ri) —2^ (К — V Ri — rg) 
лет RE rg) 
—2n x 12(4/122— 3:52 — у 122—42) 
=24n(11°478 — 11:314) =3'936л cm? 
А=п(4? — 3:52) = 3:751 cm? 
A' — А=0'186л cm’, > —1:0496 


Maximum tensile stress will occur at the outer edge, у= +4 cm 
and is 


ОООО осо 
` 12x0:186z | os aa 


=855 kg/cm? 
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Maximum compressive stress will occur at the inner edge, 
у= —4 cm and is 


OOOO levis 2 
. 12x0186z fros =a | 


=— 1,285 kg/cm?. 


5. A bar of rectangular cross-section, breadth b and depth d, has 
initial radius of curvature К measured tothe axis through the centroid 
of the section. The plane of curvature is parallelto two of the faces of 
the rectangle. Pure couples of magnitude M аге applied to the ends of the 
bar tending to increase the curvature. Assuming that plane sections 
remain plane, show that the neutral axis will be a distance h from the axis 
through the centroid of the section such that 


d 2R+d 
Roh Ee RG ° 
Show also that the stress in the bar at a distance y from the neutral 
axis is 
EMT Via 
bdh ^ R—h-cy 
Ono RASA) _p_ RA 
h (numerical) = xar zi 
Or Rha RA 
2R+d 
ae pal ОКЕЙ 
$5 RER RAI a Rbda a 
а CIRE 
or Roh 1985ка 


ME A = 
j= RAA) [а R*x 


In the above equation уг is measured from the centroidal axis ХХ. 


But 
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_M(R-M  R(htyz) 
ВАЙ “(R—h)(R+yz) 


_ М _ htyż 
ай ^ В+ Ух 
If y is measured from the neutral axis NN 
у=һ+уз 
М y 
Henc EX TE 
a UE TAF REITI 


6. A frame of rectangular section is subjected to a load of 2,000 kg as 
shown in Fig. 31. 


(a) Use the ordinary beam theory for straight beams to determine to 
the nearest millimetre the dimension d at the section XX for a maximum 
tensile stress of 900 kg/cm?. 

(b) Calculate now the normal stresses at the inner and outer edges at 
XX for the section found, but this time allow for the curvature of 
the beam. 


(a) Treated as а simple 
problem in eccentric loading 


in one plane— 
Eccentricity e=10+ 124-4 
= d 
=22 АПОУ ст 
Direct stress 
Р 
=P = 2000 400 tensile 


A гаме Гу 


а 
2,000 (2 1) 
Penda Жо; а 


TO 5d* 2 " 
“12 
_ 52,800 , 1,200 
Shayne og 


Hence maximum tensile stress 


400 , 52,800 , 1,200 
y IQ p 


_ 1,600 ‚52800 
а qi 
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. 1,600 , 52,800 _ 

Mom te =900 
or 9d? —16d—528=0 
Solving d=8'6 ст. 


(b) Allowing for the curvature of the beam— 
R=124+43=163 cm 


Ruka 32°6+8°6_ o4. 10:3 
A —163x5xloge gg! 5 log, 6 
= 815 x 0:5404 


= 44'04 cm? 
А=5х 8"6 =43 cm? 
А'—А=1°04 стз, 2. =1-024 
M = —2,000 x (10+ 12+ 4:3) = — 52,600 kg cm 
At the inner edge, у= —4:3 cm 
__—52,600 |... 163 2,000 
Л TEXT | 4 ала tUm 
=1,036 +47 21,083 kg/cm? tensile. 
At the outer edge, у= --4:3 ст 
52,600 |..., 163 2,000 
f= Fearon | 944 aes) 43 
= — 723 + 47 = — 676 kg/cm? comp. 


7. A crane hook whose horizontal cross-section through the centre of 
curvature is trapezoidal, 4 cm wide at the inside and 1 cm wide atthe 
outside, thickness 4 cm, carries a vertical load of 1,000 kg whose line of 
action passes through the centre of curvature and is 3 cm from the inside 
edge of the section, Calculate the maximum tensile and compressive 


stresses inthe section, 


SSS 
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A=4(1+4)x4=10'cm? 
Taking moment about the inner face 
10хВС=4х2+%х$х4х{х2 


ВС =1`6 ст 
AC 2:4 ст 
R=OC=46 cm 
=—1,000 x 4°6 = — 4,600 kg cm 
zb RõA =46[ z dy 
R+y 46+y 
Frise = py 80 
"e 4 
494 11 2—3у 4 +2" 
7 4 2:3 11:2—3Зу 
— 4:6 TIAS 
4 бу 2 | iG 
-16 —1.6 
+4 
д n 8, 25 
oe | rra b 
—1.6 
2:4 


= —3у+25 log,(4:64- y) 


—1.6 


-23|- 3x44-25 мыт 


3 - — 12425 x 0°8473]=10°56 cm? 


A'—A20:56 em’, 4 =1:056 


—4,600 46 1,000 
geo Use Lens 
ена A ee 56 alt 10 


= — 613 kg/cm? (compressive) * 


BENDING OF CURVED BARS 127 


Stress at B= = 4.600 {rose 46 | , 1,000 


4:6x 0:56 46-16 
= +952 kg/cm? (tensile). 


8. The principal section of a hook is а symmetrical trapezium 45 cm 
deep, the width at the inside of the hook being 4 ста and at the outside 
2cm. Thecentre of curvature of both inside and outside of the hook at 
this section is in the plane of the section and 4 cm from the inside of it, 
and the load line passes 3:5 cm from the inner side of the section. Esti- 
mate the safe load for this hook in order that the greatest tensile stress 


shall not exceed 1,200 kg/cm". 
(Ans. 1,642 kg.) 


9. Ahook with a T section has а flange 10 cm wide and 3 cm deep, and 
a web 3 cm wide and 15 cm deep, with the flange on the inside. The radius 
of curvature of the inner surface is 10 cm. The hook carriés a load of 
6,000 kg whose line of action is 12 cm from the inside edge of the section. 


Estimate the maximum tensile and compressive stresses in the section. 


Fig. 33 


А=10х3+15х3=75 cm? 


Taking moment about the inner face 
15x BC=10x3x $-4-15x 3x 
.. BC=69 cm 
АС =11'1 cm 
В =16:9 ст, /=CD=18°9 cm 
M=—6,000 x 18:9 kg cm 


3.9 +111 
ROA E: 10dy | 3dy 
2 -| Riv Ө | 1б9+у J 169+y 
Я Е) -39 
-3'9 +111 


=16:9410 о ( 169+) +3 (169 +) 


-6:9 —3-9 
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=16°9(10 10213 +3 108.18) 
—16:9(10 x 0:2624+3 x 07672) 
— 83:24 cm? 


5j 3 
А’— —4=824 emt, £ = =111 


Maximum tensile stress at B 
_ = 6,000 x 18:9 |en- 16:9 | + 6,000 
169x824 169—6:9 75 
+ = +552 kg/cm? 
Maximum compressive stress at А 


_ 6000x189 Í 5), 169 |, 6000 
169x824 169-4101 | “^^ 75 


= — 332 kg/cm. 


10. A ring is subjected to a pull the line of which passes through its 
centre. If the ring is made of round steel the radius of which is т of the 
mean radius of the ring, find the greatest intensities of tensile add com- 
pressive stress in the ring. 


Fig. 34 
КЕЗЕ 
=2лК(К— ут) «2n x 3г(3г— ра) 
=1'0296лг? 
A=nr? 


ate —А=0: D260, = = 1:0296 
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At a section XX inclined at ө with the load line 
pacino and м=к(1 —4sin) 
2 2 


At 0=0, Е=О and MES 
Ww icd 
At o=4, Fo and M,=—WR 1-1) 


compressive stress at B (intrados, along the load line) 


Maximum 
PESE 
Ru-4)|4 К 
vv ШАА ЕВ 
(a =A) (AVR 
авал | 1-0296-2"| 
xx00296u* | 2r | 
T61W 
EI 
R«366r. Hence maximum tension will occur at C (intrados, 


perpendicular to the load line). 


m tensile stress at G 


Maximu 
LAM PANES PUA 
R(A' =4) А R=? 2A 
il жї 
Woz AG RA тарти 
= Aes 
iz A'—À A R-r 2A 
iil 
(аав 
E 2m ا‎ ana 
=—0-0296nr* 2r| 2w 


Won neo 
20:919 +0159 


1078 Y. 
: 


11. А ring is made of round steel 3cm diam و‎ ° 
of the ring is 15 сї. Estimate the greatest intensities 


eter, and the mean diameter 
of tensile and com« 
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pressive stress resulting from a pull of 600 kg on the ring. Also find the 


increase in diameter in the line of pull and decrease in dia: 


meter perpendi- 
cular to the line of pull. E—2x 10: kg/cm’. 


R=T5 ст, г= 1:5 ст 
A’ =2rR(R— V R3— 52) = 2nx 7:5(7-5— \/ 7:58— 1:52) 
—151(75— 73485) 22:2725z cm? 


А=кх 152 =2:25п cm? 


А А=0:0225п, 2101 


M= Le ~ Fino) 
N2 


Along the load line (0=0), My= WR 


Perpendicular to the load line (0-4) 


1 1 
Miz-WnmR(--—3. 


Maximum compressive stress will occur at the intrados, along the 


load line and is 


Rho Ji qe R 
R(4'—-4)|4 R-r =т= А) + R 


о ба v s 
` &X0:0225x fi w 6 | 


= — 648 kg/cm? 


R»366r Hence maximum tensile stress will occur at the extrados, 
along the load line and is 


M, AER Ww A aR 
ORAA A Ret} AAD | 


ИЖ 5 
пх 00225: | EON 


=478 kg/cm? 
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Increase in diameter along the load line 
4 «53 
0149E - 0 149 x 6007 5 
2x109x 2х8 
gi 
—0:00474 cm 
n diameter perpendicular to the load line 
p E 
-ois E 0 a 2050 5 
2 6x — x8 
x 10°x @ х81 


Decrease i 


=0:00436 cm. 
12. A steel ring of n diameter has a rectangular cross- 
section 5 cm in the radia cm perpendicular to the radial 
direction. If the maximum tensi :s limited to 1,200 kg/cm? and the 
deflection of the ring in the dire ed to 0:01 cm find 
the load that the ring сап carry: 
R=10 ст, b=3 cm, 


2 25 
A! — Rb loge 282 =10x 3x loge 7; =30 x 05103 


d=5cm 


—15:324 cm? 
А=15 ст? 
4= 4-4 emt, = 1022 


›= =2'5 ст 


R»366y. Hence the maximum tensile stress will occur at the 
dos, along the load line. 


extra 
Д R 
Along the load line (0=0), №= We 
Maximum tensile stress | 
М 2 ER | юрды (К 
2 O = £ 
КОА А) (4 R+y pase 


| wW 10 
= ки 1:022— سے‎ 
| 1,200 = 29:324 | 12:5 | 


| 2. W=5,500 kg 


Deflection of the ring along the load line 


aao WIE: 
—0:149 E 
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01 — 0149 x W x 1,000 

Hence 001 тех AR EPFL 
Л W=4,190 kg 

Safe load=4,190 kg. 


13. A ring of mean diameter 8 cm is made of round steel 2 cm dia- 
meter. It is subjected to four equal pulls in two directions at right angles 
and passing through the centre. Determine the maximum value of the 
pulls if the maximum tensile stress is not to exceed 800 kg/cm. 


Fig. 35 


А =п cm? 


А =2nx 4(4—4/ 16— 1) =8x(4—3-873) 


=1:016л cm? 
A'—A=0016n cmt, 4 =1016 
Consider vertical load only. 


At — 8-0, MuR 


x I he al 

At => Mi--WR 2 it) 
AVE жы» 

Sues at ае | a 


PLADEN " 4 p= ا‎ В 
` FXO OIG [ео] = 1368/7 (tensile) 
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ee шы 
Stress at B= ал) |4 Ра 
ا‎ НЕ А 
e) 016 H = —2'007W (compressive) 
М. A CR и 
(CI eui шс ا‎ 
Stress at RU —A4) а A 24 
jt m 
(1-1 
€ ZU f 4 Ш 
= 0016 | 016 | +5; 


= 1*146W +0:159/ = 1°305W (tensile) 
Mı и а Ww 


Stress ашуре ЖДУ Ae Rar ГР 
1 
2 4 Ш 
Е 016-4! 4 
0*016x | 16 qu 


=— 0781W 4-0 159W/ = — 0:622 (comp.) 


The stresses at 4, B, C and D due to the horizontal load are 


similarly known. г 
They are tabulated as below. 


Stress due to| Stress due to "Totals 
vertical load | horizontal load OSa SESS 
A + 13687 — 06227 +0°746W 
B 


— 2:0077 +13057 —0°702W 
+1:305W — 2:0077 — 0702W 


—0:622W + 1:368). + 0746” 


Maximum tensile stress at A or D =0:746W 


Hence 0:746W = 800 
W = 1,072 kg. 
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14. Fig. 36 shows а circular ring of mean radius R, made of material 
having a uniform section. The ring is fitted with 2 rigid bar across the 
diameter АВ and transmits а pull W along the diameter CD which is at 
right angles to АВ. Obtain the force in the bar in terms of W, and the 
change in the diameter CD in terms of W and the flexural rigidity E/ of the 
ring- (Lond. Univ.) 


и 


ОСС 


w 
Fig. 36 


Let P be the force in the rigid bar AB. 
Change of diameter along АВ, 
Й PR? WR 
0=0°149——_ —0' 
ЕТ UU EI 
S0 P=0:919W 
Change of diameter along CD, 


149 WR PR 
=0149 £ — 01375 
ar VBI 


= (0:149—0:137 x 0:919) UR 
( x 0:919) EF 


WRI, 
=0`0231 —— increase, 
EI 
15. A proving ring is 25 cm mean diameter, 4 cm wide and 6 mm thick. 
The maximum stress permitted is 5,500 kg/cm’. Find the load to cause 
this stress, and the load to give 6 mm deflection of the ring in the direction 
of the loadirig. E=2x10° kg/cm’, (Lond, Univ.) 


M= wR(Ł -L sino) 
T2 


BENDING OF CURVED BARS 135 


Maximum М occurs at 0—0 and is given by 
_WR 


x 


Mo 


Maximum negative M occurs at o5 and is given by 


i 
= WR eS 
M, е Г) 


In this case the radius of curvature is large compared with the 
dimensions of the cross-section and the analysis of stress is similar to 
that of simple bending. 

Along the load line maximum stress, 


m 3i E6 
о б) еси 
_ Wx 12:5 x 25 21658W 

тхб 


Perpendicular to the load line maximum tensile stress, 


1 D) 
WRI 
Му 20 (5 т 


Ма = ж. 
П ТОД 7 +5 
TUNE 
y jy fpe actos 
nans (5 Des w 
7 6 2x4x06 
=9'67W 
Hence 16:58 И/ =5,500 
s W=332 kg 
Deflection in the direction of loading 
WR 


0:6 =0'149 r 


_ 
72x10: x 4 x 4x (06)? 
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16. The links of a chain are made of 2 ста round steel and have 
semi-circular ends, the mean radius of which is 2:5 cm. The ends are 
connected by straight pieces 2 cm long. Estimate the greatest intensities 
of tensile and compressive stress in thelink when the chain sustains а 
load of 600 kg. 


A=n cm? 

A' —2n 

x25(25—4/ 6:25—1) 
—51(2:5—2:2913) 
—1:0435 cm? 


—A=0:0435r, 
R= 2-5 ст А! 
—_=[:0435 
г=ст А 
Peers) MaWR (28+ 
W = 60049 2 \aR+T 
— $100) 
At AB where 0 =0, 
WR 2R-I 
Medis ‘TRI! 


At CD where 55, 


М-м,-_ ER zR-2R. 


2 “aR 
Stress at A (extrados, along the load line) 
E MEN A aR 
R(A' — А) (4 Rer 


LORS) |4 RI 
IRENA =A) (A Rej 


Se 600 x7 2-5 
` 20:52) ene] КОВ 35 S 
=513 kg/cm? (tension) 


Stress at B (intrados, along the load line) 


zr Мод К 
К(А'—л)|4А R-; 
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ee по 
2(2:51--2) x 004355 \ ть | 


= —972 kg/cm? (comp.) 

Stress at С (intrados, perpendicular to the load line) 
eM САИ 

R4-—A4)4 R=r\ 2A 


AREF 


=~ WG@R=2R) AN EREE W 
XR IA =A) 24 


ED 525523 у CS 
и Е |+ Эт 


=396+95=491 kg/cm? (tension) 
Stress at D (extrados, perpendicular to the load line) 
Ms а R wW 
К(А'—А)|А R+r 2A 
__=600х2:5(=-=2) 1.043 25], 600 
> 2(2:514-2) x 0:0435 | 0s ju 2n 
= —2094-95— —114 kg/cm? (comp.) 


э о 


Maximum tension at 4 = 513 kg/em* 
Maximum compression at B= —972 kg/cm?. 


17. The links of a chain are made of circular section rod 6 mm dia- 
meter and have semi-circular ends, the mean radius of which is 25 nim. 
The ends are connected by straight pieces 45 mm long. Calculate the ratio 
of the maximum tensile stress at the section where the load is applied to 
that at the section half-way along the straight portion. 

м2 2R+1 sind) 
mR+1 


WR 2К+1 
НЕЕ 


п See ЕЕ Е 
АЕ „вязь Myr ПОТ ЕН 


Here R is large compared with d and the theory of simple bending 


Will apply. 


P. $. м. (1)-10 
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Maximum tensile stress at extrados along the load line 
Mo _WR 2К+1 32 
oo 


Z 2 “К+ паз 


CESS] SEAS 32 
2 25+45 пх (0:6) 


=45:3 W 
Maximum tensile stress at the inner side of the straight portion 


SDR HA 


Z 2A 


БИШК zR—-2R 32 т И x4 
^2 aR+l "nd? 2хтай* 


PR XO Se OES 2W 
2 2:51 45 лх(0°6)% 6)? + ax (06)? 
=13:6107+ 1:770 —15:38W. 
a 453W 
Ratio Sa mm 
ati 1538W 2:95. 


18. А steel ring of rectangular cross-sectien 8 mm wide by 5 mm thick 
hasa mean diameter of 30 cm. А narrow radial saw cut is made, and tan- 
gential separating forces of } kg each are applied at the cut in the plane of 
thering. Find the additional separation due to these forces. 

E=2x 10° kg/cm?. (Lond. Univ.) 


Umen 
JET [м ds 


2 2 
73EI [м .R do 
0 


Fig. 38 


Additional separation, = ae E [uias 
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M at XX= — PR(1—cos0) 


ӘМ || pu. 
"APER R(1— cos8) 


1 


996 (1— 2cos0 + со520)20 


ET 
0 
1 ZER Ne 0 , sin20 
- е]; SIE o 4 


АВЕ г 
2 ЕГ 


EI 


3 
LLLLURXAxI1S __ 9-954 cm. 
2x10 x ү x 08 x (O'S)! 
19. A steel spring ABC, of the dimensions shown in Fig. 39 is firmly 
at A. If a load of 2 kg is supported at C, find the vertical deflec- 


clamped 
tion at this point. Neglect the effect of shear and take E—2 x 105 kg/em?. 
(Lond. Univ.) 
Portion AB. 
P=2kg 


M=P(12+6 sine) 
ЭМ .12..6 sino 
ӘР 
Portion ВС. 
М =Рх 
aM _ 
oP 
М?а5 
Е [ 2EI 
Vertical deflection at C 


Du 3 aM a 
==}, ر(‎ 2а 


x 
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т 19 
= f P(12+ sing)? x 6 do +f Px? as 
0 0 


E 12 
= sef (144 + 144 sind +36 ан (=) 
0 


0 


[| 


a or 1440- 144 cos0 + 180 эа) 4:576P 


0 
= ler ians 288418) ester] 


=F,972n+2,304) 


2(972n-+2,304) 
2x109x 44 x 2 x (0°3)3 


=1'19 cm. 


20. A steel bar 6 cm diameter is bent to the shape shown in Fig. 40 
and the lower end is firmly fixed in the ground in a vertical position, A 
load of 80 kg is applied at the free end. Calculate.the vertical deflection 
of the free end. Е=2х10° kg/cm?. (Lond. Univ.) 


Quadrant AB. 
M =Рх 100 sino 


x =100 sino 
Length 5C. 
M =100Р 
oM 
00 
3 =1 


Vertical deflection at A 


имам. ds 
BÎ 
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150 


д/2 
Al | 100P sino.100 sino.100 d0 + È 100.1004] 
0 


if 2 nie ij 150 
11 | 1003 8 _ 5120 ` 2 
710° uie 220 ) 41002x P(x 

0 0 


LAU з gU. 2 
Ei L хРх д +190 хрх 


P x 100? 
= ——— (2 
Ei (25+ 150) 


80 x 100? x (25r + 150) x 64 
2x 109 x x x 64 


=1:437 cm. 


21. А spring used in a measuring devi 
diameter d bent to the form shown in Fig. 41 so that a force P applied to 
the ends of the spring will increase the distance between the ends by an 


amount 5. Show that the stiffness of the spring 


ice is made ofa rod of steel of 


jos ИИ A 
= 24 24821.-- 3 
=> 32 [Ge + бл RL*+-24R?L 4-37 R?) 


If Sis to be 15 kg/cm, d=0'6 cm, R=4 cm, find the length L. 
Е=2 x10 kg/cm’. (Lond. Univ.) 


Portion AB. 
M=Px 


Quadrant BC. 
M=P(L+R sino) 


aM : 
2" Lp К іп 
др, 
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L n2 
-&| f Pxtd | P(L+R sino)? R ^| 
0 


0 


=2 ES Ls en (24 2RL sind + К? soa 


2/2 


_ 2| PLS мм (S - $02) 
E +PR | 0—2RL cos0 + К ( 5 n 


0 
2 [ых л х 

=2 A РА ок) 
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(e 3r x 2x 10° x (0:6) 


32(4L? + 6r x AL? -24 x 16L + 3x x 64) 


_ 3× 2 x 108 x (0:6) 


3 2 
or L3+6rL?+96L+ 48r= угат > 


ог 13+18:8512+961,—12,570=0 
Solving by Newton’s method 
Г.= 17:35 ст. 


22. A steel tube having outside and inside diameters of 4 cm and 3 cm 
respectively, is bent into the form of a quadrant of 1:5 m radius. One 
end is rigidly attached to a horizontál base plate to which a tangent to that 
end is perpendicular, and the free end supports a load of 20 kg. Determine 
the vertical and horizontal deflections of the free end under this load. 

‚ Е=2 х 10° kg/em?, (Lond. Univ.) 
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res 9= E om 
sd —34)= cm 


Apply a fictitious load Q as 
shown in figure. 
M = PRsin0 + O R(1 —cos0) 


a = Rino 


= R(1 —cos0) 
0 


Vertical deflection at B 


OU s aM 
$.——— M.S .d 
УЗОР. ET ӘР ў 


д/з 


= | (PR sind-+ Q R(1— cost)) x Reino. Rdo 


Putting Q0; 


3 
5 =-ЕГ $1020 d0 


-2e ($- sin20 
EI \2 


РЕ к _20x150xrx64 
=- 4 2x10°x1751x4 
=3'09 cm 
Horizontal deflection at B 
SUUS Lum oM ds 


== 20 


50 Е 


n/2 


=F 5) {РК sinê + OR(1 —cos0)}R(1—cos0)R dò 
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Putting Q=0 


z|2 
би = = sine(1— cos0)de 
° 
n2 
.PR f sing— 51120 gg 
ЕІ 2 
0 
n/2 
a | cos0 ++ cos20 | 
0 


LPR __20x150°x64 _ 
2ET  2x2x10°x175r 


1:964 cm. 


23. А strip of steel of rectangular section 25 mmx3 mm is bent to 
the shape of a quadrant and loaded by a force W inclined at q to the 
vertical as shown in Fig. 43. Derive formulae for the vertical and hori- 
zontal movements at the free end B and hence find the value of q to give 
no horizontal movement ac B. 

For the value of п found, determine the radius R to give a vertical 
deflection at В of 0:025 cm when W=} kg. Е=2х 10° kg/cm?. (Lond. Univ,) 


Fig. 43 Fig. 44 


The given force W is replaced by its vertical and horizontal compo- 
aents P and О as shown in Fig. 44, where 


P=W cosa, O=W sina 
M —PR sina — ОК(1 – соѕ9) 


BENDING OF CURVED BARS 145 


ам ZR sind, a — R(1— соё) 
Vertical deflection at В, 


— QU 1 ом 
8у= ЭР Z3 e 


n[2 
=} f {PR sino — QR(1 —cos8))A sin. R 29 
0 


r/2 


= | (Рип Qsin + 9.2) 
z/2 


К° 0 _ 51126 210, 
-ErG d )+ О cos d 
9 


Вр ти Q 
-plez 0+8] 


R3 
= ?-?2® 


Hoiizontal deflection at В, 
a ds 


ш 5 = 


п/а 


= | (PRsin0— QR(1—c0s0)] х (— R(1—cos0))R dà 


rl» 


—Psind+ f sino Ql- cow ao‏ -| ( کے 


n/2 


ZUR Frenos 0(°- —2 51004 — 5 тш) 
“El 
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mers J2 horum 
-& р+2 +003 x 3 
R? 
=È [(3r—8)Q—?P 
JEI [(3л—8)О —2P] 


For horizontal deflection at В tc be zero 
(3к—8)0—2Р=0 


а=54°'32/ 
P= Wcosu —3 x cos54? 32'= 0:290 kg 
Q=W sina=4xsin54° 32' 20:407 kg 
R(x x 0:299—2 x 0:407) 


Пк 35X253x(03y 
К -22'6 ст. 


24. А steel spring is shown in Fig. 45. It is formed in a circular arc 
subtending an angle of 270° at the centre. The lower end is rigidly fixed 
and a vertical force of } kg is applied at the free end. 

If the section of the spring is 12 mm wide and 3 mm thick, calculate the 
vertical and horizontal displacements of the free end. Е=2Х 10° kg/em?, 

(Lond. Univ.) 


Apply а fictitious load О as shown in Fig, 45, 
M =PR(1—cos0)+ QRsino 


ЭМ _ R(1— cos) 
oP 
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Vertical deflection at the free end 


сан мё ds 


EI 


37/2 


= 4.) PR(1—cos0).R(1 —cos6).R do 


(since О =0) 


3 3x 
ЕЕ 2 


7:53 x (2) 


BARCO 
2x2x 10 x 1x 12x (0'3)? 


2| 
S Е 


=0:354 ст 
Horizontal deflection at the free end 
aU 1 eM 
JOS M d 
90 ET) o0 ^ 
32/2 
=! | РА(1—соѕ0).Кзіпө. Rd 
EI 
Р (since Q —0) 
31/2 


= m] (s sino- 8929) do 


злі? 
Е А 
ЕІ = 


0 
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Loses fie eene 
EEE 23 ЮРТ 


7-53 f 
3x2x2xl05x ү X12 х (0:3) 


—0:0195 cm. 


25. Fig. 46 shows a steel rod 1 cm diametey with one end firmly fixed 
into a borizontaltable. The remainder of the rod is bent into the form of 
three-quarters of a circle and the free end of the rod is constrained by 
guides to move vertically. Ifthe mean radius to which the rod is bent is 
15 cm, determine the vertical deflection of the free end for a load of 10 kg 
gradually applied there. E=2%10° kg/cm?. (Lond. Univ.) 


Fig. 46 


Let the vertical load be P and the normal reaction due to the 
constraint be О. 


Then М=Ох 15(1 —cos9) P x 15919 


2M 

=15(1 — соѕ9 
20 (1 cos9) 
QM. x неа 
RADI 155110 


Since there is no horizontal displacement 


20 ? aM 
2927 “ей eU. سو‎ 
20 Le [м 20 ds=0 


BENDING OF CURVED BARS 149 


зліз 
ог | (15Q(1—cos0)— 15P ѕіпо)15(1—соз0).15 do=0 


0 


ELE! 
or | (Q(1 — cos) — P $110} (1 — cos0)d0 =0 


37/2 


or f Jon zen coe ino 99] do=0 


5 
or EG asino 45,5802). -Р( coo 4 £9570 cos20 ) = 
0 


or (47+ +2)- r(1-4)=0 


TAR ls ЕЕЕ 
o Oo TR EEF E d 


12 


Vertical displacement 


ey (Q(1—cos0) – P $110} (— ѕіпо) 0 


4 o( imos?) eri do 
EI 2 | 
37/2 


FE و‎ £02 20 j(i y 0 | 
= EG 5 M 


0 
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£e BE L) G a) 
1+ (+P 
AC 


153 О; 3F 
=—= ( —=+4—P 
ЕТ ( 2 g 4 ) 


2015264 1.0551 Зл 
2x Ox. DE D 


= 0:801 cm. 


26. The ring shown in Fig. 47 is made of flat steel strip 20 mmx3 mm 
and is shaped in the form of a circle of mean diameter 20 cm. The ends 
at В are cut square and not joined. A pull P is applied along the diameter 
CD which is at right angles to the diameter АВ. If the maximum tensile 
stress due to P is 1,250 kg/cm?, find the increase in the opening at В. 
E=2x 10° kg/cm’. (Lond. Univ.) 


Fig. 47 Fig. 48 


Fictitious forces O are applied at B as shown in Fig. 48. 


For ВС, M = —QR(I — cos0) 
oM ; 
= — R(1— cos 
20 ( ) 
For СА, = —QR(1- cos0) + PReose 
ra — R(1— cos) 


Increase in the opening at B, 


aU _1 aM 
ق‎ 
20 su won 20 ds 
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zl | OR*(1—cos0)?R a f (—QR(1— cos) 


0 n[2 


| + PRcos0} x ( — R(1—cos0)}R d0] 
Putting Q-0 


Po 
ЕЕ ( — PR?cos0(1 — cos0)d 


EI 4 
ГА 
= 2PR | _ 1 3 
EI 4 
I =) 
1 
Tu 
The maximum stress occurs at 4, where 
=—PR=—10P 
Z-ix2x (0:3): — 0:03 cm? 
„М 
Z 
10P 
250 === 
i.e. 1,250 0:03 
P=3'75 kg 
E (ix =) 
nox 105 ү» x2 x 0" X33 09x ү, x 2 x (03) 
— 1۰488 cm. 


27. A ring of mean radius Ris made from a bar of uniform section 
with the two ends at C connected by а pin- joint. The ring is subjected 
to three radial forces arranged in equilibrium as shown in Fig. 49. Show 
that the force in the pin is 


ват 4) (Lond. Univ.) 
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Fig. 49 


For equilibrium, 2 x 5P cosa = 6P 
/. соѕа = 8, Sina =$ 
Let F be the force at the pin as shown in Fig. 50. 


: QU _ 
Then SEC 
Ie [мам ds=0 
For BC, M=FR(i—cos0) 
0M рн 
ЭЕ = К(1— соѕ0) ~ 
Еог AB, М =ЕК(1— cos8) — 5PR sin(0—a) 
ам ri 
SOS = R(1— cos) 


Hence af FR?(1 — cos9)? do + 2] {ЕВ —cos0) — 5P Rsin(0— a)} 
0 a 


R(1—cos0)R do — 0 


a 


or fra —cos0)? d+ ra —cose)*d9 


0 


-fse sin(0 — а)(1 —с050)40 =0 
a 


or 


or 


or 


[o 


я 
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rfa —coso)*do -5P { {sin(0—a)~sin(0—a)cose}do 


т = 
rfa —2с0$0 + cos?8)d0 = sefi sin(@—a)— + sin(20 —a) 
о а 


; 0 , sin20 
d sinê + 7-1 4 | 
0 


r 


= sl — cos(0 — a)-- 4:000 —а) + 25. 


[1 


Е G r) = в. 1+ ES 


x4 
*5 


=5Р 


ian ha She 
22 (8+2 -в)} 


P. S. M. (II)-: 


CHAPTER УП 
UNSYMMETRICAL BENDING 


1. A steel bar, of rectangular section 6x3 cm, is arranged as а canti- 
lever projecting horizontally 60 cm beyond the support. The broad face 
of the bar makes 30° with the horizontal. A load of 10 kg is hung from 
the free end. Find the neutral axis, the horizontal and vertical deflections 
of the free end, and the maximum tensile stress. E=2x 10° kg/cm*. 

(Lond. Univ.) 


At the fixed end M —10x60—600 kg cm acting in a vertical 
plane. 
Component in the plane Y Y is 
M,=Mcos30°, causing bending about XX. 
Component in the plane ХХ is 
M у= Msin30^, causing bending about Y Y. 


Mz у= Mcos30° 


Stress due to M,= 


Te I 
Stress due to My Mu к y —.Msin30? 
7 1, 
Total stress f-Mcos30^ , | Msin30° = 


Т n 
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At the neutral axis f=0, so that 
= _Ё o 
YES Т tan30°.x 
If p is the inclination of the neutral axis with the XX axis, then 
L, 13:5 
tang = ——tan30°= ———t = —0: 
B n an 54 an30 0:1444 


г. pe-81I3* 
Hence inclination to horizontal— 30? — 8°13' = 21547’. The neutral 
axis NN is shown in the figure. 


Maximum tensile stress at P 


* 1*5cos30? , 3sin30? (= Я í 
= 600( LET + S )=744 kg/cm 


с 
Deflection along YY, у= و‎ Р 
т 


10 x cos30? x 60? 
CoA EDI ШАШЫЛ O02 
3x2x109x 13:5 DIS us 
ECT 
Deflection along XX, 5, = ЗЕ 


_ 10 х sin30° x 60° _ 9.99333 cm 
3x 2 x 10° x 54 


Horizontal deflection, 55 = 5,sin30? — 8,c0530? 
=0:0231sin30°—0°00333cos30° 


=0°00867 cm 


Vertical deflection, 6.} = 8,с0530° + 6,sin30° 
—0:0231c0830? + 0:00333sin30? 


= 0:0217 cm. 


2. А 250 mm x 125 mm 1 beam having 1,—37178 cm‘ and Iy=193-4 cmt 
is used as a purlin on a roof truss. The angle of ivclination of the ETF 
rafter of the roof is 30° to the horizontal and the rafters are peer 
metres apart. If the vertical load on the purlin is 1,000 kg — 7 
distributed, determine the maximum stress and the nazim um ba E 
deflection of the purlin. (Purlins may be taken as simply supported а! 


the ends.) E—2x10* kg/cm*. 
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Fig. 52 


Maximum ıı = 10005400... 50,000 kg cm 


o H jo 
E Mcos30 yt Msin30 ia 
T I, 


‘Maximum compressive stress will occur at Р and maximum tensile 
Stress at Q and each is 


2 12:5cos30? , 6:25sin30? 
= 50,000( 37778 '- 193-4 ) 


=954 kg/cm? 
Deflection along YY, 


_ 5х 1,000cos30? х 4003 


ах 1083178 ^ 911 em 
Deflection along ХХ, 
1 о 
mes 5 x 1,000sin30? x 4003 — 10:077 cm 


384 x 2 x 10° x 193°4 


Vertical deflection, 8, =8,cos30° +6,sin30° 
=0°623 cm. 


3. А roof is formed of rafters spaced 3 m centres and inclined at 30°. 
Purlins of channel section, 300 mm x 100 mm x 12 mm, are fixed to the rafter? 
at intervals of 2m. The wind load is 100 kg/m? normal to the plane of thé 
rafters, and the dead load is 75 kg/m? of the same plane, but acting in a 
vertical direction. Find the maximum tensile and compressive stresse? 


in the purlins. (Lond. Univ-) 
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Y 
[hem 
РЕНИ La ст 
BE 


Y 

Fig. 53 Fig. 54 
Wind load along Y Y —100 x 2=200 kg/m 
Dead load in the vertical direction = 75 x 2 = 150 kg/m 
Total load along Y Y —200-- 150cos30? = 330 kg/m 
Load along XX = 150sin30* — 75 kg/m 
The purlins are fixed at the rafters. 
Moment in the plane YY, 

TE = _ 330 E 100 =24,750 kg cm, 

causing bending about XX. 

Moment in the plane ХХ, 


м,=1959°1®_ 5,65 kg cm, 


causing bending about үү; 
Referring to Fig. 54, 
(10 x 1:2 x242T6x12)x210x 12 x 5x 2+27-6х 12x06 
х=2-45 cm 
= 1029 – 38X27 — 7,080 спи 
T= 40 x 2:45°— 
Maximum tensile stress occurs a 
stress at B, Fig. 53. 
For the point A, х=7:55 cm, 


24/50 ر‎ 154, 5625 у т:55- 142: Á 
Tensile stress at А= 080 ` 15+ УТЕП x 7:55 = 142:3 kg/cm 


27:6 x 1:253-- 1:2 x 7:553 x 2) =473 cm* 
t A and maximum compressive 


у=15 cm 


For the point В, х= —2:45 cm, y= —15 cm 
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24,750 
7,080 


= — 81-5 kg/em?. 


4. А 30 cm I-beam, with the flanges 15 спа wide, is subjected to a 
bending moment in a plane inclined at 30? to the major principal axis, Find 
the position of the neutral axis, and the magnitude of the bending moment 
if the allowable stress is 860 kg/cm?. The moments of inertia about the 
two principal axes are 7332۰9 cm! and 376.2 cm: respectively, 


(Lond. Univ.) 


5,625 
473 


Compressive stress at B= х (—15) + x (—2°45) 


Fig. 55 


И si p e 
fà Msin30 „у„Моз30 d 
T; 75 


At the neutral axis f=0, so that 


y= —Icot3oo.x 


ly 
1, 7332:9 
.. tanB = – 22 cot30°= — o2 33 
апр L cot30 3762 cot30 338 
г. B= —88°18' 


The neutral axis NN is shown in Fig. 55. 
The maximum stress will occur at P and Q, so that 


_ jsf 15511309 7-5cos30° 
al 73329 567.) 


JM —43,800 kg ст. 
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5. A steel bar of rectangular section 10 cm x4 cm is supported in 
bearings and carries a load of 1,000 kg at mid-span. Ifas indicated in Fig. 56 
the beam is rotated slowly, find the inclination 0 when the bending stress 
in the bar reaches its greatest value. Determine the value of the greatest 
bending stress and the vertical deflection at mid-span when this stress 


occurs. Assume the bar is direction-free at the supports. Е=2 х 105 
kg/cm®. (Lond. Univ.) 


p—- 60 cm—— 60 pty, 
Fig. 56 
Max. M at the centre of the span 
WL _ щш х 120 _ 30,000 kg cm 


4 
The components of M in the planes YY and XX are Msino and 
Mcos0 respectively (Fig. 57) 


Fig. 57 


The greatest tensile stress occurs at P and the greatest compressive 


stress at О and each is given by 
Mcoso _  6Msinà | 6M cos 


. Msino | Mcos0 . PZT 
== ең Кг | 10x15 


= ЗМ sino 4-5cos0) 
400 
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2 а 
For maximum stress, 90 


ог 2cos0— 5518 =0 
о tang =0'4 
0—21? 48' 


Sin0 —0:3714, cos —0:9285 


Max. f= 300400 a x0:3714--5 x 09285) 


=1,212 kg/cm2 
Deflection along YY, 


5, —Wsino.L3 —_ 1,000 x 0:3714 x 1203 x 12 
SS TASE 48 x 2 x 10° x 4 x 10° 
= 00201 cm 
Deflection along XX, 


3, —/Vcos0.L* _ 1,000 x 0:9285 x 1203 x 12 
NEI SERT 48 x 2 x 10° x 10x 43 
=0°313 ст 


Vertical deflection, öv —8,sin0 + 8,cos0 
=0`0201 x 0:3714 +-0:313 x 0:9285 
—0:298 cm. 
6. An 150 mm x 100 mm Х 12 mm unequal angle-bar is placed with the 
long leg vertical and use. ch end, the span being 
3 metres. 


angle-bar in order that 
the maximum stress d 1,000 kg/cm? ? 


UNSYMMETRICAL BENDING 161 
А=15х12+8:8 x 1°2=28°56 cm? 
28:56х= 15x 1:2х0:6+8:8 х 12x56 


x=2°45 cm 
28:563=15 х 1:2 х 7:5+8:8 x 12x06 
шщ. у=495 ст 
I,=‡(10 x 4:9535—8:8 x 3*753 + 1:2 x 10`055) 
= 656 cm* 
Ij (15 x 2:455— 13:8 x 1:25? + 1-2 x 7:559) 
= 237 cm* 
| Tey (15x 1-2) x (=1°85) x (2:55) (88 x 1:2) x (3:15) x (—4-35) 
= —230 cm* 


2a=47°42' 
a=23° 51’ 
һ+Ь=1„+1,=893 ad (1) 
һ—1=(1„—1,)$ес2а=419 х 1:4859 
=623 2а (2) 


Solving eqs. 1 and 2 
T,=758 сп, [y= 135 ст“ 


Мах. м= lE = 03000 75у kg cm 


= Моо $ , , Msina ^ 
u 


At the neutral axis f=0, so that 
1, 
= – апаи 
0 d а. 


If p is the inclination of the neutral axis with UU, then 


758 — 
Те -E апо — 55 x04421 
v 


2-248 
= —68° 


found th 
dinates of P referred 


Iculation. 


By оа it is at the point P is farthest from the 
Neutral axis. The coor to UU and VV can be 
found out by drawing ог са 
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By calculation 


и= 10:05sina— 1*25соба =2:92 cm 
v = 10-05соза + 1:25sina = 9-70 cm 


9:70соза , 2:92sina 
Stress at P, 1,000 M. 758 135 ) 
n M —48,900 kg cm 


w = 48,900 


75 


= 652 Ко. 


7. Fig. 59 shows ап unequal angle section, for which Ir=808 спа“ 
and [,=38:8 cmt, Find the moments of inertia about the Principal axes 
UU and VV, given that the angle between the axes UU and XX is 28^ 30. 

Tf the angle, with the 80 mm leg vertical, is used as a beam, 
freely supported on a span of 2m carrying a vertical load of 200 kg at the 
centre, find (a) the maximum bending stress at the 


point А; (b) the direction 
and magnitude of the maximum deflection. 


Neglect the weight of the beam and take E—2x10* kg/em?, 


(Lond. Univ.) 


Fig. 60 
T, —A(, 4 1,)+2(1, 1,)ѕес2а 


=} x 119-6 +} x 42 x 1-836] 
= 98-4 cm: 


Icd. 1j)—3(,— 1y)sec2a 
=}х 1196-4 x42 x 1:8361 
=21:2 спа 
(a) Maximum М=200х200_ 10,000 
n ‚000 kg cm 
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The coordinates of A, referred to the axes UU and VV, can be 
found out by drawing or calculation. 
By calculation : Fig. 60 
= — 0:65 cm, у= + 5:35 cm 
u=5°35 sin28930' —0°65cos28°30' = 1:98 cm 
v= 5:35c0s28?:0' ++ 0:65sin28?30' = 5°01 cm 


—м( 2995 em) 
fou ee 


= 10,000 (20150250, 1830 ( 


98:4 У 242 


= 893 kg/em?. 


: _ Wcosa.L3 

(b) Deflection along VV, ô= ELO 
; Г Wsina.L? 
Deflection along UU, а= Е 


Resultant deflection, à—4/ 81? +ô” 


-WE (== se 
48E Ee 


B 200 x 2003 c0328?30' 2 Ta) 
48 x 2 х 105 9534 zrny +r 212 


=0 403 cm 
wap а 9888.27 1an2973W 
& Ek 212 
220/92, 
В=68°21' 


Angle to verticat = 68°21' — 28?30' = 39°51. 


8. А beam of angle section 150 mm x 115 mm x 12 mm, shown in Fig. 61, 
is freely supported on a span of 2 m with the 150 mm leg vertically down- 
wards. A vertical load of 1,200 kg is applied on the 115 mm leg at the centre 
of the span. Find the maximum tensile and compressive stresses in the 
beam. 

The properties of the section are: [z=676'5 cm‘, Jy=345'3 ска‘, 
tang —0:58. 
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Fig. 61 
{апа= 0'58, .. а=30° 6' 
Ij I— Iz I5 1021-8 Та) 
Ty — I; — (Iz —1,)sec2a = 331:2 x sec60° 12, 
= 666-4 2250) 


Solving eqs. 1 and 2, 


u= 844:1 cm, 1,1777 ст 


м 1.200 × 200 _ 60,999 kg cm 


fae Mcosa „v MSina ы) 
Tu Ty 


At the neutral axis f=0, so that 
о= 14 tana.u 
1, 


If В is the inclination of the neutral axis NN with UU, then 


1 844-1 
tanp= tang = . 
anp Т, tana T77 * 0:58 


=2°755 

B=70° 3’ 

The neutral axis NN is drawn as shown in 
the section farthest from the neutral axis are 


By drawing the co-ordinates of p are 43 
of О are —48 cm. +2°6 cm. 


Fig.62. The points on 
P and Q. 


'4 cm, —9:8 cm and those 
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Fig. 62 


Maximum tension at P 


9:8 cos30°6’ , 3:4 sin30°6’ 
—60,000( 28205306" = $7 
2 ( Sae] TL SEMI 
=1,178 kg/cm? 


Maximum compression at О 


» _ 2:6 cos30°6’ 4:8 sin30°6" ) 
i 60,000( 8441 1777 


= —974 kg/cm’. 


9. Fig. 63 shows the section of an unequal angle iron. It is subjected 
to a bending moment M, the plane of which has GY as trace. Calculate 
the longitudinal stress at the point P. The principal axes are GU and GV; 
the moment of inertia about GV is 41:2 сш; that about GU is 1961 cm! 
and tang=0'55. 
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{апо = 0:55, 2. a—28?48' 


For Р, х= — 1:95 ст, у= 46:81 cm 

Referred to axes GU and СУ, 
u=6'81sin28°48’ — 1-95c0s28°49’ — 1°57 cm 
¥=6'8]c0s28°48/ + 1:95sin28?48' = 6:91 cm 


At P, f= ко Мп 5 
u 


v 


— M( $91cos28*48' g 1:57sin28°48' ) 
196'1 41:2 


= 00492 м. 


10. Ап 80 mmx80 mm x10 mm angle is used as a beam simply 
Supported at each end over a Span of 2 m, with one leg of the section hori- 


zontal and the other vertically upwards. It is loaded at the centre of the 


span with a vertical load which may be assumed to 
of the section. The principal second mo: 


139'5 cm! and 36-0 сп. The distance of the centroid from the outside 


edge is 2:34 cm and the toe has a radius of 4:5 mm. Find the position of 


the neutral axis and calculate the safe load if the m. 
fo exceed 1,200 kg/cm?. 


aximum stress is not 


(Lond. Univ.) 
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Fig. 64 


Since the angle has an axis of symmetry, that axis (UU in Fig. 64) 
is a principal axis and a= 45°. 
. Mcosa _, Msina 
Ку i 7, иш 
At the neutral axis f=0, so that” 
v= -7 tana.u 


-Fu since tana=1 


ш. 
v 


I, 139:5 
2. tanp= —25————— —-—5 
anp 7, 36 3:88 


B—75:5? 

The neutral axis NN is drawn as shown in figure and by inspection 
it is found that the point P is the farthest point in the section 
from NN. + 

For P, и=2'9 cm, 0=5'1 ст. 


— м( 20080 =) 
f ( ТАЛЕ 


„мл S1 2) 
1200= 56 ( 1395 * 36 
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“. M=14,480 kg cm 


But E 
or 14,480 = PF 200. 
W =289-6 kg. 


11. А 90 mmx 90 mmx 10 mm steel angle is used as a cantilever of 
length 80 cm and carries an end load. Опе leg of the angle is horizontal 
and the load at the end is vertical with its line of action passing through 
the centroid of the section. Determine the maximum allowable load if the 
bending stress is not to exceed 1,200 kg/cm? and find also the vertical 


deflection at the end due to this load. Assume all corners of the angle to 
be left square. E—2x 19: kg/cm?. (Lond. Univ.) 


Fig. 65 


А=9х1+8х1=17 ст? 
17Х=9х1х45-+8х1х0-5 


Х=262ст=ў 
== }(9 x 2623-8 x 1-6284.1 x 6:382) 
= 129.2 спи 


Since the angle has an axis of s 
is a principal axis and a=45°. 
= 15(9!—81) —205:4 ст“ 
Also Ty +l, [ 12584 
и. №=53 cm“ 
Maximum М at the Support = 80W 


ymmetry, that axis (UU in Fig. 65) 


1, 2054 
tang —^v = uc 
np Т, tana 33 3:875 
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B=—75° 30’. 


The neutral axis NN is shown in the figure. By inspection it is 
found that the point P is farthest from NN. The co-ordinates of P 
referred to UU and VV can be found either from drawing or from 


calculation. 


eMe m 
wem 1:624/2— 3:37 cm 
p= 7566 cm 

80W 80W 


Stress at P, peo еш Xn 


80W 566 3:37 
М/2 \ 2054 53 


2. W=233 kg 


Deflection along VV, 


‚ ЙЕ 233х803 
= 3E М2х3х2х 10% х 2054 


= 00685 cm 
Deflection along UU, 
me WES „+ 233x 803 
A/2x3EN  A/2x3x2x109x53 
—0:265 cm 
Vertical defiection, 
5 = ôr ё: 9-236 em, 


2 42 


12} А cantilever consists of an 80 mm x 80 mm x 12 mm angle with the 
top face AB horizontal as shown in Fig. 66. It carries а load of 200 kg at 
1 m from the fixed end, the line of action of the load passing through the 
centroid of the section and inclined at 30° to the vertical. Determine the 
stresses at the corners A, B and C at the fixed end and also the position of 


the neutral axis. 
I;—1,—10L:9 cm’. 
—161- 4 —42:4 cm‘. 
uen E (Lond. Univ.) 


P. s. M. (11)-12 
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Fig. 66 


At the fixed end, M —200 x 100= 20,000 kg cm 


- Mcos75° Msin75° 
Bc Жыш 


Р о H o 
я veos75° — usin75 ) 
0,000 ( 1614 424 
—32:1v—456u 
At А, u= —2:424/2— —3:42 ст 
v=0 
7= 456 x 3:42—1,560 kg/cm? (tensile) 


At Byun —2-42\/2=2-23 ст 


LUN 
v= vi =5'66 ст 
к. f=32'1 x 5°66 —456 x 2:23 
== —835 kg/cm? (compressive) 
At С, и=2:23 cm, v= —5:66 ст 
^ = —32°1 x 5°66 — 456 x 2:23 
= — 1,199 kg/cm? (compressive) 
At the neutral axis, f=0, so that 
2496  ... 
v= Pi и= 1421и 
If p is the inclination of NN with UU, 
tanB=14-21 2, p=+86° 
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The neutral axis NN is shown in the figure. The stress will be 
tensile above the neutral axis and compressive below. 


13. А 100 mmx 100 mm angle as shown in Fig. 67 is used as a freely 
supported beam with one leg vertical. /;—1,—207 спа“. When a bending 
moment is applied in the vertical plane YY the mid-section of the beam 
deflects in the direction 14. Calculate the second moments of area of the 
section about its principal axes. Find also the bending stress at the upper 
corner of the section if the bending moment is 400 kg m. (Lond. Univ.) 


Fig. 68 


Т +1=1.+1,= 414 cm = 00) 


WcosaL* 
48El, 


_WsinaL* 
48 ET, 


Deflection along VV, 5, = 


Deflection along UU, 5 


tanp=22 = Itana 


a v 
= since {апа = 1 
B= 45? 4- 30^15' = 75°15' 


Га —1ап75915' = 3:80 ES e 
Ty 

eqs. 1 and 2 
From eq 1, 23277 cm4, Ty =86°3 cm4 


10 —2:92/222:94 ст 
2 


ye IO =7.07 om 
2 
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— м( 28050 кы 
у=м( + 
—400х100/ 707 , 2:94) 

м2 3277 ' 863 
=1,575 kg/cm?. 


CHAPTER УШ 


VIBRATIONS AND CRITICAL SPEEDS 


1. A 30 kg weight is suspended from 2 rod 2-5 cm diameter and 2 m 
long. Neglecting the mass of the rod, find the frequency of free longitudinal 
vibration. E=2x10° kg/cm?. 


30x4 6 
St کے‎ = 2 
ress Фф Ê EE kg/cm 
3 96 x 200 
El t کک ےق‎ Гүр с 
ongation 2х 10 0:000611 ст 


Frequency of vibration, 


«Tm / 981. 
М5] 57 2x 0000611 


=201-7 per second. 

2. A steel wire 0:32 cm diameter, 60 cm long is fixed at its upper end 
and carries at its lower end а horizontal disc of which the weight is 15 kg, 
and radius of gyration 9 cm. It is found by observation that the disc makes 
20 complete oscillations in 378 seconds. Find the modulus of rigidity of 
the wire. 


21500017139 в 

k =S 109 kg cm sec 
AAC 
Мое 


br 20 (1 /CxmQ9329 109 
3T8 2x 32x 135 x 60 
C 20:798 x 108 kg/cm?. 

3. A steel wire 1 metre long and 0:2 cm diameter is fixed at one end 
and carries at the other a short cast-iron cylinder 20 cm diameter, with 
its axis, which is 2 cm long, in line with the axis ofthe wire. Find the fre- 
quency of natural torsional oscillations of the cylinder, the weight of 


cast-iron being 72 g/cm’, and С for steel being 08x 10* kg/cm". 
Weight of cylinder, 


W =x 20 x2 E =452 kg 
үле өй» 
gz g 
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GOES. sert 


981x8 981 


№60 CJ 30 0:8 х 106 x x x (0:2) x 981 
П im 226 x 100 x 32 


=22`3 per minute. 


4. A steel shaft 8 cm in diameter carries two flywheels weighing 
1,200 kg and 300 kg respectively. Length of the shaft between flywheels 
is L5 m. Determine the natural frequency of longitudinal vibration. 
E—2x10* kg/cm:, (Engineering Services, 1964) 


Mg = 1,200 kg Ws = 30049 


la 


2, : 
k ise em — d 


Fig. 69 


Let the node divide the shaft into two Parts /, and Jy. Then the 
frequency of vibration of the System to the left of node is given by 


уке: А] gEA 
2/5 2r Wala 
and the frequency of vibration of the system to the right of node is 


given by 
Мь=!_ [.8EA. 
2nd Wl 
But these two frequencies must be equal. 
Wala=Wy.ly 
or 1,200 x =300(150—1,) 
1530 ст 
Hence the frequency of vibration 


Td 981x2x1095xzx64 
T EDI = ara Leti tia 
2n . 1,200x30x4 


= 263 per sec. 


40 cm, what is the frequency of the free torsional oscillations ? 
C—0:8x10* kg/cm?, 
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606 #9 600 Kg 
40cm #0 cm 


4 cm dia. 


k 20cm. | #0 cm = = 4=279ст—Ч 


Fig. 70 Fig. 71 


Equivalent length of shaft of 4 cm diameter, 


1 
ы AN ESBS 4 
1-14 (8) =20+40(4) 


=279 cm 


The system in Fig. 71 is then torsionally equivalent to the system 
in Fig. 70. 


“= 4:32 per second 


6. A flywheel is mounted on з vertical shaft as shown in Fig. 72, the 
ends of the shaft being fixed. The shaft is 5 cm diameter, the length /, is 
90 cm and the length |, is 60 cm. The flywheel weighs 500 kg aud its radius 
of gyration is 50 спа. Find the natural frequencies of the longitudinal, the 


transverse and the torsional vibrations of the system. E—2x10* kg/cm’, 
C—0:8x10* kg/cm?. 


(a) Longitudinal vibration : hy | 
Let W, be the part of the weight W of the flywheel which is carried 
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by the length /, of the shaft, so that the weight carried by the length 
la of the shaft is W И; 


: 1 
Extension of the length /, = Du 
Compression of the length Lc и 


But the extension of the length /, of the shaft will be equal to the 
compression of the length / of the shaft, so that 


Wl, —- (V — Wy 


or W, x 90=(500—W,) x 60 
.. W4=200 kg 
Extension of the shaft /,, 
Е = 000458 CE 


mx 52x 2 x 108 


Frequency of vibrations, 


ved (E /. 981 
2N 5 2л\/ 0000458 
=233 per second, 
(b) Transverse Vibration : 
The static deflection under the ] 
at the ends and loaded at a 


two parts /, and /; is given by. 


е 


r oad, for a horizontal shaft fixed 
point which divides the shaft into the 


в= И — 500x903x 603 x 64 
ЗЕ 3х2х 106 xr x 51 х 1503 
=0°1267 cm 
Р 1 981 
SUN Ө! Lid 
x "267 14'01 per second. 


(c) Torsional Vibration : 
The torque required to produce a twist of | radian in t 
of the shaft= E 
5 
and the torque required to produce а twist 
CJ 


he length Һ 


of 1 radian in the length la 


Total torque required at the fiywheel to produce a twist of 
1 тайап= K= CIC 
ДИД. 


P 
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thea hdl 
=0°8 оу 5 — à) 
0:8 x 10 Essa 


_ 6251 x 105 


ag CES 


6251 х 105 x 981 
144 x 500 x 50? 


— 5:21 per second. 


7. А circular rod АВ, 4 cm diameter and 2 m long, has circular discs 
rigidly fixed to its two ends. That at A has a mass of 20 ke and is of 25 cm 
diameter, and that at B has a mass of 75 kg and is of 40 cm diameter. The 
rod is held in a horizontal position by a clamp at a point C between 4 and B, 
the position of C being such that the frequencies of the transverse vibrations 
of the parts of the system on either side of C are equal. Determine tke 
distance of C from А and the frequency of the vibrations. 

Find also the ratio of the frequencies of the torsional vibrations. 
Young's modulus E=2x10° kg/cm?. Neglect the inertia of the rod. 

(Lond. Univ.) 


75 Kg 
40 cm 


led ins ELT I нен s ciel 


Fig. 73 
Frequency of vibration to the left of C, 
SOE Fel 
Ne= ти where д, = ET 


Frequency of vibration to the right of C, 


а: Wy? 
Ni T = uu = YE 


But the two frequencies are equal. 
/. ба= ӧһ 


ог Wala? = И 


Ia ے‎ 8 M E14 
95 Tio AVACWAS 20 


Also «+ 200 cm 
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Solving /,=121-7 cm 


20x 121-73 x 64 


—————— —— 20:478 ст 
Зх2х 10° xr x 44 


9a 
Frequency of vibrations, 


E Ce II UNE AES 
Е qoe ba Inv 048 


= 7°21 per second 
Frequency of torsional vibration to the left of C, 


2 
Na = [C where p= Wa , 
2n "FE g 8 
Frequency of torsional vibration to the right of C, 
L1 GU Wy аг 
No Bal TE where ср = 


у ҖЕ; Е б/н Ый ЛЬ 
Hey Ratio ee AT N ые eb 
Е Ta КАРЕ Ми; 


75 x 40? 78 
О о ce 
20 x 25% x 121°7 
8. Determine the fundamental frequency of a shaft 10 cm diameter, 
Bupported in bearings 3 metres apart and carrying discs of weights 190 kg, 
150 kg and 75 kg situated at 1 metre, 2 metres and 2:5 metres respectively 


from one of the bearings. Assume the bearings to be short and neglect 
the inertia of the Shaft. E—2 x10 kg/cm®. (Engineering Services, 1967) 


10049 150 kg 754g 


Fig. 74 


Apply Dunkerley's formula. 
For 100 kg load alone, 
= Wa*p? — _ 100 х 1002 x 200? x 64 
* SEL 3x2x 108 xn x 108x300 
=0'0453 cm 


<. Е ӘН 
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For 150 kg load alone, 
150 x 200? x 100? x 64 —0:0679 cm 


ё 3 x 2x 105 x nx 10% x 300 


For 75 kg load alone, 
Е 70775 x:25085€ 50? x 64 MAS 
Bs TT OE IORI T o 0433 em 


4r? 4° , 4r 4п2 
= — ô, +— ô: + дз — (8, +824 6: 
g E g 3 z (8 +52 + 63) 


981 


g 
: 2*1 gi 
lac ELE 
1 


—14:02 per second. 

9. A simply supported beam, 2-5 cm widex5 cm deep, is loaded as 
shown in Fig. 75. Calculate the frequency of its natural transverse 
vibration. Æ=2x10° kg/cm’. (Engineering Services, 1967) 


150 kg 700 kg 


(0020 200 kg u.d. 


2= вт 50 "AMAT cm. 


Fig. 75 


Apply Dunkerley’s formula, 
For 150 kg load alone, 
150 x 252 x 75? x 12 

= = 0:0338 cm 
ЕВ А 


For 100 kg load alone, 
5, 100x75? 25х12 0.0225 ст 
° 3x2 x 108 x 2°5 x 53х 100 
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Due to concentrated loads only the frequency of vibration is given 


Nis. Ты Ve [981 
° Элу 38 опу 00563 


= 21 per second. 
For the uniformly distributed load alone, 


Mes к 981 x 2x 10° x 2:5 х 53 
° 2x100 2x12 


=25'1 per second. 


by 


Hence зл А 
2 fis N 


“2 SNE 
N=16'1 per second. 
10. Two flywheels weighing 1,400 kg and 1,200 kg, with radii of gyration 

are keyed 90 cm apart on a steel shaft of 


75 cm and 67:5 cm respectively, 
Neglecting the effect of the mass of the shaft, calculate 
the node. 


diameter 10 cm, 
the frequency of free torsional vibrations and the Position of 
=0'8x 10° kg/cm". (Engineering Services, 1954) 


1400 kg 1,200 kg 
75 em 675 cm 
А в 


А 
10 ст dia, 


Fig. 76 
Let the node divide the shaft into two parts la and ly, 
frequency of vibration of the system to the left of the node { 
1 Gl 


Then the 
$ given by 
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and the frequency of vibration of the system to the right of the node is 


given by 
1 EJ 
N= 
SON 7 


But these two frequencies must be equal. 


Tala = Iolo 
1,400 x 75° _ 1,200 x 75 ый 
ог 5 x [= ЗЕ] x (90 —1а) 
[а =36'9 cm 


Hence the frequency of vibration 


ЕМ rele CJ „1! 08 x 109 x r x 10% x 981 
rN Tala 27V. 1,400 х 752 x 369 x 32 


=8'2 per second 


The amplitude ratio 


Aa la Io — (694 
Ap bb 1 


11. The flywheel of an engine driving a dynamo weighs 200 kg and has a 
radius of gyration of 30 спа. The знай at the flywheel end has an effective 
length of 25 cm and is 5 ста diameter. The armature weighs 120 kg and its 
radius of gyration is 22 cm, The dynamo shaft is 4:5 cm diameter and 
20 cm effective length. Calculate the frequency of torsional oscillations 


and the position of the node. C=0-8x10° kg/cm’. (Lond. Univ.) 
200 #9 
30 cm 120 kg 
A 22cm 


B 
scm did. 


Fig. 77 


The equivalent length of shaft 5 cm dia, 
4 
pak Ау 5 ) 
1= 1+1 di =25+20 4:5 
=55'5 ст 
The system Fig. 78 (a) is then torsionally equivalent to the system 


Fig. 77. 
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5 ст dia. 


(b) 
Fig. 78 


Iola = Iolo 
200 х 30° — 120 х 222 T 
or ESI xis EST х (555-a) 
.. la=13°54 ст 
Hence frequency of vibration 
ы 1 CJ _1 /08х10%хтх5їх981 


Fa Tala 2x 200x300x 13:54 5 32 
=22-4 рег second 
The node is at a distance of 13:54 ст from the flywheel. 


Amplitude ratio =4* la Jo _ 0:323. 
Ay ly Ta 

12. A 1j m long shaft carries two rotors at its ends, weighing 250 kg 
and 600 kg and having radii of gyration 40 and 50 сга respectively. The 
diameters of the shaft are 8 cm for the first 35 cm of its length measured 
from one end; 10 cm for the next 50 cm and 9 cm for the remaining 40 cm 
of its length. Assuming the modulus of rigidity of shaft as 800,000 kg/cm’, 
find the time period of free torsional vibration and the position of node 


point. (Engineering Services, 1966) 
600 kg 
250 kg 50 ст 
40 cm В 
А 


10 ст dia. 9 om dia. 
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The equivalent length of shaft of diameter 8 cm, 
1=35+50(5)*+40($)* 
=35+20:5+25 =80'5 ст 


Fig. 80 


The system Fig. 80 (a) is then torsionally equivalent to the system 
Fig. 79. Then the time period of vibration of the system to the left 


of the node is given by 
4 Т, 
Ta=27 Hae 


and the time period of vibration of the system to the right of the node 
is given by 
Iolo 
Ty =2 EAE 
С 
But these two time periods must be equal. 
Then Ja. «=. 
250 x 40? 600 x 50° .a : 
о АА А Даг 5 
r 981 x la 981 х (80:5 — /а) 
1,=63°6 cm and /ь = 16:9 ст 
The node point lies in the part of the shaft with 9 cm diameter. 
Distance of node from В = 16:9(8)* = 271 ст 
Time period of vibration 


= Tot 250 x 40? x 63:6 x 32 
а= 981 x 800,000 x rx 8 
=0:0564 second 


Ratio of amplitude — Aa la — 3-16. 
Ap 1 
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13. The moments of inertia of three rotors A, Band C are respectively 
9,000 kg cm’, 18,000 kg спа? and 6,000 kg cm’. The distance between A 
and B is 150 cm and between В and C is 90 cm and the shaft is 5 cm 
in diameter. Ifthe modulus of rigidity is 0-8x10* kg/cm", find the 
frequencies of the free torsional vibrations of the system, 


(Engineering Services, 1964) 
Һ=9,000 kg cm? = 18,000 kg cm? Те = 6,000 kg ста 


В 


5 ст dia. 


For the right hand rotor, Ne= 1 CJ 


2n Iele 


For the middle rotor, М / Ko 
` 2r Ty 


where Къ, the torque required to twist B through 1 radian when the 
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shaft is fixed at the nodes, is the sum of the torques required to pro- 
duce a twist of 1 radian in each of the lengths 1—1 and /5— le. 


CJ CJ 1 1 
Е 
Н 1—1. pa lz—le 1—1. m la—lc 


EG 1 
Hence =) == кые 
UTE TIE (тет аг ze) 


The frequencies Na, № and Ne must all be equal. 


If we equate the frequency of vibration of J, to the frequency of 
vibration of Ie, we have 


Tala = lele an (1) 
or l= POU Ia 7 VSls 


Similarly if we equate the frequencies for Ja and Jp, we have 
1 1 1 1 ) 
^а RAN — = 
Tala (7-7, 1—1, 
ог (10-1) =12 += 0+1) ЕО) 
b 
Substituting for lı, Ja, le, Ja; and Jy in Eq. (2) 


(150—1,90— 1:51,) 290. . 1, (240—251) 


18,000 
or 5:512 — 87014 + 27,000 — 0 
Solving «=115'8 ст or 42:4 cm 
and 1,=1°5 ш=173:7 cm or 63:6 cm: 


The fundamental frequency will be that which corresponds to the 
larger of these two values of la or le. 


-. Fundamental frequency of vibration 


E ECL [98x 105 x х 51 x 981 
кА ЧЕ 2R 9,000 x 115:8 x 32 


= 34:2 per sec. 
This is shown in Fig. b. 
8 
The two-nod =34 ERA 
wo-node frequency — 342 424 
= 565 per sec. 


This is shown in Fig. с. 


P. S. M. (u)-13 
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14. A marine engine shaft and propeller are approximately equivalent 
to the following three-rotor system. The combined moment of inertia 
of the engine masses is 3,000 kg тї, that of the flywheel is 9,000 kg mc. 
and that of the propeller is 5,100 kg па’. The equivalent shaft between 
\Бе engine masses and the flywheel is 38 cm dia. and 5:5 m long and that 
between the flywheel and the propeller is 35 cm dia. and 11:5 m long. Find, 
from first principles, the frequencies of the torsional vibrations of the system 
and the position of the nodes. C=0:8x10° Кв, спо". 


(Engineering Services, 1959) 


Fly wheel 


Engine 2 


Propeller 
A 


[^ 


38 cm dia. 


Fig. 82 


Reduce the system to an equivalent shaft of 35 cm diameter. The 


length /, of the torsionally equivalent shaft of 35 cm dia. between the 
engine and the flywheel Е 


4 
35 
=f] =y 
(5) 3:96 m 


B 


35 ст dia, 35 cm dia 
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Fig. 83 (a) shows a three-rotor system on 35 cm dia. shaft 
throughout. 


As in the previous example 


Тв = Icle m (1) 
or Iz M lem 1*8 [е 
3,0 
1 1 1 1 
а ILC Б б ЗЕЕ 
ч Tala al TE EE ) 
or (L -1)6-19= 7. ао sis (2) 


or (896-184)015—1)— 3000. x 1°8(15°46 —2:81;) 


or 3:48/,2— 33:981, 4- 45'5=0° 

ог 12— 9-76 + 13:07 50 
Solving 1,2816 т or 1'60 т 

and 1.=1:81,= 14:69 т ог 2'88 т 


Fundamental frequency of vibration 


на] 0:8 х 109хлх35*х 981 — 
= nv 5,400 x (100) x 8:16 x 100 x 32 
= 8:15 per sec. 


The one node occurs at 816 m from the propeller. This is 
shown in Fig. 83 (b). 


l6 


d — 18:4 per sec. 


The two-node frequency —8:15 


This is shown in Fig. 83 (c). 
«=2-88 m, |, 1:60 m 
Now la on the 38 cm dia. will be 


4 
.ag( 38 = 
=2 8835 =4m 
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Hence one node occurs at 4 m from the engine and the other at 
1:60 m from the propeller. 


15. A light elastic shaft AB of uniform diameter, supported freely in 
bearings, carries a wheel at each end, and it is found that the natural fre- 
quency of torsional vibration is 40 per second. A third wheel is mounted 
on the shaft at a point C such that AC=} AB. If all the wheels have the 
same moment of inertia, determine the natural frequencies of torsional 
vibration. (Lond. Univ.) 


A Node Node 


Fig. 84 


Let J be the moment of inertia of each wheel. 


With two wheels at the two ends the node is at the centre of the 
span L. 


| /2CJ 
H NER eru 
ence Эл IL 
or 401 /2€7 
2n IL 
А @Л ЧЕ ^ 
CONES T 3,200: 


With three equal wheels let the nodes be at distances Г, and /, from 
the ends A and B respectively. 


For the left hand rotor : 
SE Cr | 
Ne= Saa Па 


For the right hand rotor : 


м=1_ |67 
2n Ily } 
For the middle rotor : 


1 fcr 1 1 | 

Nis] 

n I |z TT 
4 1—1, 471 


Equating Na to No, we have 1, — [; 


e (1) 
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Equating Na to Nc, we get 


ijt 1 2 1 
la 31-1, -h 
3 
бт (Gon Lh) NL 


Substituting /, from eq. 1 


(oe) no 


or 312 -2LI, po =0 
16 
Solving 1,=0°554L ог O113L 


Hence frequency of one-node vibration 


D СЈ _ 1 (200E 
“IN Ix0554L 2N 0554 


= 38 per second 
and the frequency of two-node vibration 


E СЈ 1 [3200 
"3j 1х0113 2 Inf 0113 


— 84:14 per second. 


16. A shaft 10 cm diameter is supported in bearings 2'5 m apart. № 
carries two pulleys which weigh 200 kg and 150 kg at distances of 1 m and 
2 m respectively from one bearing. Calculate the whirling speed by (a) 
Dunkerley's method, (b) the energy method. E—2x10* kg/cm*. 


200 kg 15049 
А В 
nou 
2m 
2:5m 
Fig. 85 


(a) Dunkerley's method : 
For 200 kg load alone 
200 x 100* x 150% х 64 . 9.9611 cm 


а beat а АНА EY 
1 3x2x 10°x xx 10: х 250 


190 PROBLEMS IN STRENGTH OF MATERIALS 


For 150 kg. load alone 


150 x 200? x 50? x 64 
3х2х 105 x r x 104 x 250 


1 1 981 
А is "2s 00815 
— 17:46 per sec. 
(b) Energy method : 
Rg x 2°5=200 x 1+150x2 | 
Кь=200 kg and R,—150 kg l 
М =150x—200[x—1]—150[x—2] 


=0°0204 cm 


By 


EH qu o 
ах? 
= —150x-+200[x—1]+ 150[x —2] 
Integrating 
= —'15x* 4 100[x— 14-75[x — 2 4 4 


Integrating again 


Ely= —253x3-139[x — 19 4-25[x — 2] Ах В 
Atx=0, y=0 .. B=0 


At х= 2:5 m, y=0 
0= —25x 2534192x 1-53--25 x 0:534: 2:54 | 
A=110 kg m* 
At x=1 т, Ely=—25+110=85 kg m? 


_ 85x 1002 x 64 


7723x108 x xx 108 


—0:0866 cm 


At x—2 т, Ely=—25 X23--189..2x 110=18° kg m? 


160 x 100? x 64 


` 3x2x105x TX Tots 2 0543 em 


_1 [9815 Q00x 0866+ 150 x 00543) 
2r (200 x 008664 150 x 005435) 


= 18:05 per sec. 
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17. Calculate the whirling speed of a steel shaft 5 cm diameter anc 3 m 


long, carrying a wheel weighing 30 kg at 60 cm fram one erd and one weighing 

20 ke at 90 cm from the other. The shaft may be considered as si aply 

supported on bearings at the ends. Density of steel 7-8 gem. E —2.. if 

kg cm‘, (Lond. Uni 
30kg 20kg 


| 90 гт 


Apply Dunkerley's method 
For 30 kg load alone 

30 x 602 x 240° x 64 
3x2xl06xzxx5'x 300 


z0:1127 em 


бу= 


For 20 kg load alone 
_ 20х21 x 98x 65. 0.1393 cm 
3x 2x 108xxx 5* x 300 


09 = 


Considering concentrated loads only 


ЗЕЕ “81 
Nori д 0:242 


— 10:14 per sec. 
Weight of shaft per cm length 


от x say 18 0:153 kg 
Vistas EON я 


a 10° хт x 5% 
~ 2х 300° 53x64 
—]10:95 per sec. 


1 1 1 
We NA NE 


1 1 
Toa? T095 


c. М=Т44 per sec. 
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18. A steel shaft, 6 cm diameter, with its ends freely supported in 
bearings 90 cm apart, carries two wheels, each weighing 50 kg and each 
placed 30 cm from one of the bearings. Calculate the lowest whirling 
speed of the shaft, assuming the shaft effect to be equivalent to 1; of its mass 
concentrated at mid-span. Take p=7-8 g/cm? and E=2x 105 kg/cm? for 
steel. (Lond. Univ.) 


Weight of shaft = x62 
eight of sha 4*6 x90x 1.000 


Equivalent concentrated load 
= 31 х 19:86=9:65 kg 


For 50 kg load alone, 
50 x 30? x 60? x 64 


ET 32х10 хлх 6x90 0 00472 em 
For 9:65 kg load alone 
"i 903 
Е EO Q0fI5 em 


48 x 2 x 10° x x x 64 


Apply Dunkerley's formula 


wat [gl [ 98 - 
2n X8 27.) 001059 
= 48:4 per second. 


19. A small turbine rotor has a shaft of uniform section, E] —1,200 x 10° 
kg cm’, and is freely supported in two bearings at 1 metre centres. It 
carries three equal wheels, 400 kg each, at positions 25 ст, 40 cm, and 55 
em from one bearing. The static deflections at the wheels, neglecting 
shaft weight, are estimated respectively as 0:0133 cm, 0:0176 cm, and 0:0178 
cm. Compare the critical speeds as calculated (a) by Dunkerley method, 
(b) by the energy formula. (Lond. Univ.) 
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400 400 400kg 


(a) Dunkerley method : 


2 
5, = _ 400 x 25 х 75* ^ _ 9.99391 ст 


` 3x 1,200 x 10° x 100 


_ 400x40?x60 С! 
2 3x 1,200 x 10° x 100 жоро 


_ 400х 552х 452 :م‎ 
3 3x 1,:00x 10x 100 — 0.00681 em 


хә] їч 
2т,/ X8 2x4 001712 
= 38:1 per second. 
(b) Energy method : 


Avian з = =з‏ ے الاو ١‏ ا 
il /981 x 400(0:0133 + 0:0176 + 0:0178)‏ 
)"78 0:01 + ?00176 -?400(0:0133— /^2 
per second.‏ 38-8 = 


20. The rotor of a three-stage pump is carried in spherically seated 
bearings at 100 cm centres. The three impellers weigh 350 kg each and are 
at distances of 30 cm, 45 cm and 60 cm from one bearing centre line. The 
critical speed must be kept above 2,500 r.p.m. Estimate the minimum 
permissible shaft diameter, neglecting the mass of the shaft itself. Take 
E for the material of the shaft as 2x 10* kg/cm?. (Engineering Services, 1962) 


350 350 350kg 
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For the left hand impeller, 


se W x 30? x 70° 
à 3EIL 
For the middle impeller, 
SM W x 45? x 552 
x 3EIL 


For the right hand impeller, 


sum W x 60? x 40? 

Н У к 
c E 2 2 2 2 2 
ró- 3EIL (30? x 70? + 45? x 55? + 60? x 402) 


_ 350х 64 x 1,630 x 101 


3x2 x 106 x nd! x 100 


_ 56х 163 
15 


N-12 [2-2 SEDIS 
Элм x6 2л\/ 56x163 
=0'358d? per sec. 


2,500 
=< =0'358d?2 
or т 0358d 


4= 10:78 ст. 

21. А shaft 2 cm diameter is freely supported in bearings 30 cm apart 

and carries a wheel which weighs 60 kg at a point 12 cm from one bearing. 
Е for shafc—2 «10? kg/cm?. Find the whirling speed. 

If the wheel is mounted on the shaft with its centre of mass initially 

0: 12cm out of alignment with the shaft axis, find the deflection of the shaft 

when its speed is 2,500 r.p.m. ` 

60 x 122 х 18° x 64 
3x2x105xzx2!x30 


iti _60 Га 30 [ 981 
Critical speed Ne ТО 


=2,125 рег minute 


LES 


—0:0198 cm 
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When М> Ме, the negative sign is to be taken. 
— 0:12 

yeas Nae =0°432 ст. 

(43500 —1 


2,500 


22. The shaft of а small turbine with а single disc is observed to have a 
static deflection of 0:038 ста. Determine the whirling speed. Also calculate 
the required percentage change in diameter of the shaft to raise the whirling 
speed to 2,100 r.p.m. 

For the above two cases calculate the deflections of the shaft at a speed 
of 1,400 r.p.m., if the initial displacement of the centre of mass of the disc 


from the axis of the shaft is 0'053 cm. (Engineering Services, 1961) 
о}, _60 fg 30 [ 981 
Whirling speed, N CEDE 
= 1,534 г.р.т. 


ML MER LS E Eno 
No 48 М а? 


Percentage change in dia. 
=, y 199-2 (117—1) x 100 
d, 
—17 increase 
For an eccentric disc 


yz + Е 
МА 
м 1 
When N < № the positive sign is to be taken, 
lst case : 
2nd case : 
0:053 я 
RG 0424 ст. 
( 1,400 


23. A vertical steel shaft 6 mm diameter and 20 cm long is supported 


in long bearings at its ends. № carries a wheel weighing 2 kg at the centre 
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of the shaft. Find the critical Speed of rotation and the maximum bending 
stress when the shaft is rotating at 80% of the critical speed. The centre 
of gravity of the wheel is 0-02 cm from the centre of the shaft. E—2x 10° 


kg/cm?. 


_ № _ 2x20 x64 
ا‎ 20х64 


192ET 192х2х 106 хлх (0:6)* 


000655 cm 
де. _ 60 / 981 
Critical speed Моо 7700655 
= 3,700 r.p.m. 
у 1 
БИЯ 
(м 
"02 
At N=0°8N,, у= 1902 à 
0:8 
= 00356 cm 


-. Central (centrifugal) bending force 
_ 192Е! ys 192 x 2x 108 x 1(0:6)? x 0:0356 
L3 203 x 64 
—10:87 kg 
Bending moment, 


m=42 sf E =27-2 kg ст 


Maximum bending stress, 


M 272х382 


fee EX (OST 7 1282 kg/cm? 


24. Solve Example 23 if the shaft bearings do not fix its direction at 


the ends. 
с ШУ S 2x20? x 64 
48EI 48x2x 108 xxx (0:6) 
=0:0262 cm 
_ 60 981 _ 
М = av 00262 = 1,848 r.p.m, 
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демо yo 


1 2 
( 98$) | 
—0:0356 cm 
Equivalent central load 
. A8EI De 48 x 2x 108 x r x (0:6) x 00356 
D" 203 x 64 
=2-72 КЕ 
Maximum bending moment, 


Mes E 4,2 12x 20; =13°6 kg cm 


4 
Maximum stress, 
_ М _13°6x32 _ à 
f-7 7 00 641 kg/cm?. 


25. A shaft 1 cm diameter rotates in spherical bearings with a spen 
of 80 cm and carries a disc of mass 5 kg midway between the two bearings. 
The mass centre of the disc is 0*02 cm out of centre. Neglecting the mass of 
the shaft determine the critical speed. 

If the stress in the shaft is not to exceed 800 kg/cm’, determine the 
range of speed within which it is unsafe to run the shaft. E—2x 10° 
kg/cm’. (Lond. Univ.) 


WL 
48 ЕТ 


Static deflection, 5= 


= 5x 803х 64  q. 
sales ж 


Critical speed 00 _ 981—406 r.p.m. 
2n« 0:543 


Let P be the dynamic load to cause 800 kg/cm? stress. 


Then bending moment M-PXED =20P 
) М 
Stress ر‎ 
_ 20P x32 
or soo= 207? 
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Deflection y due to P=—= x 0:543 =0:426 cm 
4x5 
y xl 
e NRL 
(y) =. 
046 4l 
OF 002 (с 1 
> N) 4 002 
N ~ 0:426 
=1°0469 or 0:9531 
Me 1-023 ог 0:976 


_ 406 406 

© 1023 ° 0976 

=397 or 416 per minute 
The range of speed is between 397 r.p.m. and 416 r.p.m. 


26. А shaft 12 mm diameter rotates in long fixed bearings and a dise 
of mass 20 kg is secured to the shaft at the middle of its length. The span 
of the shaft between the bearings is 60 cm. The mass centre of the disc 
is 0*05 cm from the axis of the Shaft. Neglecting the mass of the shaft, 
determine its critical speed. Young's modulus E—2 x 106 kg/cm?, 

If the stress in the shaft due to bending is not to be greater than 1,200 
kg/cm", find the range of speed over which this stress would be exceeded. 


(Lond. Univ.) 
IEE i 20 x 60? x 64 
1925EI 192 x 2x 10° x x x (1:2) 
=0:1105 cm 


60 / 981 
NE Ви 
= 57%] 01108 900 r.p.m. 
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Deflection y due to P271 xo1105 


=0:15 cm 
v +1 
e (NA a 
G) 
015  — tl 
En 005 (Ne L] 
(=) 
a DT 
c = — 
ог (С Е 


or 


N-900x ,/-3. or 900,/-2. 


4 
=779 or 1,102 г.р.т. 
Hence the range of speed is between 779 r.p.m. and 1,102 r.p.m. 


— 


CHAPTER IX 


THEORIES OF FAILURE 


1. A piece of material is subjected to three mutually perpendicular 
tensile stresses of 500, 650 and 800 kg/cm?. Calculate the strain energy 
per unit volume. Calculate also the maximum shear strain energy per 
unit volume. Poisson’s хаНо=0:3; E=2> 105 kg/cm’, (Lond. Univ.) 


Д=800 kg/cms, Л=650 kg/cm?, f,— 500 kg/cm? 
Total strain energy per unit volume 


Ue |е B etf A)| 


тетир 5 [ o 650° + 5002— 2 x 0:3(800 x 650-- 650 x 500 


4-500 x 800)] 
= 01414 kg cm/cm* 
Maximum shear strain energy 


бе|) 


Bur E=20(1 +1) 
m 
or 2 x 108 =2С(1+ 0:3) 
sells 
1:3 


13 
Um 2 2 2 
= Wi [iso +150 +300: | 


=0:0146 kg ст/стз, 
2. At a point in a ste 


el member the major principal stress is 2,000 
kg/cm? and the minor princ 


ipal stress is compressive. If the tensile yield 
©па?, find the value of the minor principal stress 
of failure: (a) maximum shearing stress; (b) maximum total strain energy; 
(c) maximum shear strain energy. P. 
(Lond. Univ.) 

(a) Maximum shearing stress theory : 


VOR 
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ог Лл-Л=Л 
ог 2,000 — f. — 2,500 
` = — 500 kg/cm? 


(b) Maximum total strain energy theory : 


9 
лү Mes ro Beef hi) |o 
Putting fs=0, we get 


fefe f fef 


or 2,0002 + f2°—2 x 0:28 x 2,000 fo — 2,500? 
ог fè- 1,120 fa— 2,250,000 =0 
Solving = — 1,041 kg/em?. 


(c) Maximum shear strain energy theory : 
lel fr -I+ hA- = 


Putting %= 0, we get 
fer+fe-fih=hP 


or 2,000? + fo” — 2,000f, = 2,500? 
ог 2—2.000/.—2,250,000=0 
Solving fa= —803 kg/em*. 


3. At a point in a stressed material the direct stresses on two 


perpendicular planes are 1,400 kg/cm* tension and 900 kg/cm* compression 
respectively, and the shearing stress on these planes is 9. The yield stress 
for the material is 2,500 kg/cm?. Find the value of q at which failure 
may be expected, according to each of the following theories of failure: 
(a) maximum principal stress theory; (b) maximum shearing stress theory; 
(c) maximum. shear strain energy theory. (Lond. Univ.) 


Principal stresses 
= fet fi) Ла 
= 4(1,400 — 900) + 44/1, 400-+ 900)? + 44? 
= 250+ 4V 2300+ Aq? 

i.e., fi=250+ 4/2300 + 4g? 

and fa=250—4//2,300+ 47 


(a) Maximum prinoipal stress theory : 


Jazs 
or 250 +44/2,300°+ 4g* = 2,500 
2,300? 44 — 4,500? 
8 а= 1,934 kg/cm?. 


P. S. M. (1-14 
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(b) Maximum shearing stress theory : 
fa is compressive. 


s 15 —f9-f 
or Л -Л=Л 
ог у 2,300? + 49? —2,500 


46 q — 490 kg/cm? 

(c) Maximum shear strain energy theory : 
fi fi — f, fo f? 

or [250 + 1: 2,300* + 4g*]* + [250 —14/2,300? + 4g]: 


= [250+ 3/[2,300? - 4g] x [250 — 34/2,3007 1:47] = 2,500? 


Or 250? + $(2,300? + 4g?) = 2,5002 
or q? = 740,000 
ен q=860 kg/cm?. 


4. In a two-dimensional stress System, normal stresses of 200 and 
1,200 kg/cm* act on two mutually Perpendicular planes in conjunction with 
a shear stress of 400 ke/cm?. The stress intensity, judged by the shear 
strain energy, is excessive. As it was found impossible to reduce the applied 
stresses, the severity of the shear strain energy condition was reduced by 
increasing the normal stress of 200 kg/cm? to some higher tensile value, 
X. Find the value of X at which the Shear strain energy is least. 


(Lond. Univ.) 
Principal stresses 


=4(1,200+ X) -3/(1,200— Y r4 x: 400% 
ie, — fi-30,200-- X) -3/,200 — X) 4 x 4002 
and — fy=4(1,200+ X) —44/(1,200 — X14 x 4002 


Shear strain energy, 
1 
= —f)P?+(fe—f)? 4 (= Л) 
gc -Л Л), putting fy=0 
= Pac 2200+ X)?+ 2{(1,200—X)24-4 x 4007] 


1 py 
= UE - 1,200Х+-1 920,000] 


For minimum shear strain energy 
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or 2X—1,200—0 
X=600 kg/cm?. 


5. А solid circular shaft is required to carry a twisting moment of 
60,000 kg cm and a bending moment of 20,000 kg cm. Determine the dia- 
meter of the shaft on the assumption that the maximum total strain energy 
per unit volume js not to exceed that in material under a pure shearing 


stress of 300 kg/cm. E=2x10° kg/cm? and Poisson's ratio= = 
(Lond. Univ.) 


Principal stresses = 2 x + М +/М?+ 7| 
= = [ 20,000 + Масата 


16 
=: [29.000 E 63.250] 


4 1,332,000 

ie, fi5—.-x83,250— REC 
cISONS _ — 692,000 

and ВЕ x43,250- — p 


Maximum total strain energy 
2 2 
e (ee hf) 


( 1,332,000? 4-692,000? +2 х A x 1,332,000 692,000 ) 
а ын uL LU i کے‎ а ааа 


1 
2E " ED 


x218 x 1010 
ZE > red’ 
Shear strain energy due to shearing stress 
азайта 3005. 
2C 2C 


1 „2718 x 10^ _ 300° 
Непсе ЭЕ е DC 


s C „278х10ю 
or Е ^ п®х 300° 
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Е 278 x 1010 
2( 1+ ys) Xx 300 
Г. 9=19`33 cm. 


6. A cylindrical shaft, 7-5 cm in diameter, is subjected to a maximum 
bending moment of 250 kg m and a twisting moment of 420 kg m. Find 
the maximum principal stress developed in the shaft. If the yield stress 
of the shaft material is 3,800 kg/cm?, determine the factor of safety of the 
shaft according to the maximum Shearing stress theory of failure. 

(Engineering Services, 1967) 


Principal stresses 


drei] 


ло / 
НЕЕ [25.000 + 4/25,00024- 7,000 | 


16 
= 59 25000 + 48,900] 


| 


ie., f n x 73,900 = 892 kg/cm? 


and fe = x 23,900= — 288 kg/cm? 


Maximum shearing stress = 3(Л-Л) = 590 kg/cm? 


Simple tensile stress which will Produce the same maximum 
shearing stress =2 x 590 = 1,180 kg/cm?, 


Factor of safet = 3,800 _ :221 
ое = Eo 322 


7. А mild-steel hollow Shaft of 10 cm external diameter and 5 cm 
internal diameter is subjected to a twisting moment of 80,000 kg cm and a 
bending moment of 25,000 kg cm, Poisson’s ratio is }. Calculate the 
principal stresses and find the direct stress which, acting alone, would 
produce the same (a) maximum elastic strain energy, (b) maximum elastic 
Shear strain energy, as that produced by the principal stresses acting 
together. (Engineering Services, 1958) 


Principal stresses HU + V MET х2 
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ШЕ ТУ ЕЗЫ 


Brom 
ы, adm [25.000 + imd 
2 y [ 25,000 + 83,800 | 
i.e., f= = x 108,300 = 591 kg/cm? 
—16x 10 


and f= x 58,800 = —319 kg/cm? 


n(104—54) 
(a) Maximum Strain energy : 
2 2 

f f f Rh-f 
or 5912+ 3192+ 2 x 591 x 319 = f? 
5n f=738 kg/em?. 
(b) Maximum shear strain energy : 

fP+he—-fih=f 

or 5912--3192 4-591 x 319 =f? 
on f=800 kg/em?. 


8. A circular shaft 10 cm diameter is subjected to combined bending 


and twisting moments, the bending moment being three times the twisting 
moment. If the direct tension yield point of the material is 3,600 kg/cm? 
and the factor of safety on yield is to be 4, calculate the allowable twisting 
moment by the following theories of elastic failure: (a) maximum principal 
stress, (b) maximum shearing stress, (c) maximum shear strain energy. 


(Lond. Uniy.) 


Principal stresses = з 2 [м + voeem 


лаз 


ie. гоп БЕ] 
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16T 
=——_| 3-1/1 
and fe 1.0007 E M °| 
Allowable stress in simple tension 
f= 3,600 — 900 kg/cm?. 


(а) Maximum principal stress theory : 


167 Г 2 
369; |3* v0 ]=900 


T=28,700 kg cm 


(b) Maximum Shearing stress theory : 
fa is negative. 


Xf 7 
or f—fa-f 
16T 
or 1,0007 x 24/10=900 


Br Т= 27,900 kg ст 
(с) Maximum shear strain energy theory ; 


+ fà — fi fu fe 


2 
or ( 5) < (2+10+6/10+9+10-6 10-9410) =900° 


2 
16Т Уусу 
ог (8r x 39— 900 


T= 200% 1,0007 
16 x 4/39 


9. A direct-tension test 
at 3,000 kg/cm’, А 


= 28,300 kg em. 


(a) maximum principal stress theory, (b) maximum total strain energy 
theory. Poisson’s ratio—0-3. (Lond. Univ.) 


Principal stresses= 22. x Ям АДМ: т | 
= 16 | 25,0004 253909 78 
mx 125 ds * 
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Ше, F = i| 25,000+ 25,0005 7| 


and (eee ЕБ 


125x 


(а) Maximum principal stress theory : 


-16 | 25,000+ /25,000== т | =3,000 


125r 
or 25,000 + 4/25,000? + T? = 73,600 


or 25,000? + T? = 48,600? 
? Т= 41,700 kg ст. 


(b) Maximum total strain energy theory : 


Jf 2 f fefe 


or 16 ) x (4 x 25,0002 2:672  — 3,000? 
125r 

or 4 x 25,0002 2:672 = 54:2 x 108 

Or 2°6Т?= 29:2 x 108 

ES T=33,500 kg cm. 


10. A specimen of steel has a yield-point stress in simple tension of 
3,200 kg/cm?. A shaft made of this materialis 5 cm diameter and is sub- 
jected to a twisting moment of 25,000 kg cm. Assuming the criterion of 
elastic failure is the reaching of a definite value for the maximum shear 
strain energy per unit volume, calculate what additional bending moment 
will cause the material to pass the yield point. 


Principal stresses — 2 х М + M? T?] 
= ae (M+/ M? 4- 25,0007] 

i —_16 [м +y M+ 25,000 

i.e. E ч M? 4- 25,000] 

and fp LE [M — v М*+25,000°] 


1257 
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fir fef fo f: 
2 


ge ( 16 ) x [4M* 4-3 х 25,000] = 3,200: 
1251, 

or 4M?+3 x 25,0002 — 25,000? x л? 

a 4M*—6:87 x 25,0002 


M =32,800 kg ст. 


11. À hollow cylindrical brass beam, of inner and outer diameters 5 
and 7-5 cm respectively, 


simple tensile stress of 2,000 kg/cm: ? (Lond. Univ.) 
Principal stresses D. ХМ + VIFT) 
= ay MEV HFT] 
£ sy x [20,000 + 20,0004 TF] 
= a х [20,000 + 20,000+ 73] 
іе. луу x [20,000 + 20,000 F TT 


and муе sy x [20,000 — /20,000°+ T5] 
Sethe -Лл=Р 


2 2 
120 2,000 
or Б] х (4 x 20,0002 +. 37») = (2000 ) 
or 4 x 20,000? + 372 — 19:65 x 108 
or 37? =3-65 x 108 


<. T=11,030 kg cm. 


12. A torque of 15,000 kg cm is transmitted 


by a cylindrical tube 10 cm 
external diameter and of uniform thickness 0. 


25 cm. If the elastic limit 


(b) maximum shear strain energy. (Lond. Univ.) 
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Maximum shear stress 


_Т D. 16TD .16x15000x10 
Ј 2 (IER n(10*— 9°54) 
=412 kg/cm?. 


(a) Maximum shearing stress : 


q 


Simple tensile stress which will produce the same shearing stress 
=2х412=824 kg/cm? 


2,500 


324 =3'03. 


Factor of safety= 


(b) Maximum shear strain energy : 
Let f be the simple tensile stress which will produce the same shear 
strain energy. 


08. 
Then 26^ $6 
or fHV3xq=V3%412=714 kg/cm? 
2,500 
e = 2 =3'50 
Factor of safety 714 35 


13. A bending moment M applied to a solid round shaft causes 
a maximum direct stress / at elastic failure. Determine the numerical 
relationships between M and a twisting moment T which, acting alone 
on the shaft, will produce elastic failure, according to each of the following 
theories of failure: (a) maximum principal stress; (b) maximum principal 
strain; (c) maximum strain energy; (d) maximum shear stress; (е) xnaxi- 
mum shear strain energy. Poisson's ratio=0:3. (Lond. Univ.) 


_ 32M 
Jr. ла? 
Due to torque 7 acting alone shearing stress 


_ 167 
i nd? 


Principal stresses fı and = +4 = +167. 


(a) Maximum principal stress theory : 


Л=/ 
бт E 32M 
л nd? 


+ T=2M. 
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(b) Maximum principal strain theory : 


0-94 


16T 1 3= 32M 

95 nd? m nd? 
or T(1--0:3) 22M 
T=1 54M. 


(с) Maximum strain energy theory : 


fe fa. f fef 


167 32MY 
or (с 2]- 32M 


or T*(24-0:6) 2 4M? 
C T=1:24M 
or 
ДЗ > ИЗ 
2C 2E 
16T \ _үзәмү 1 
s: E уы dus ы 
nd nd: (1 eel 
m 
4M? 
RIAL 
on n 25:3 
г. T=1:24M. 
(9) Maximum shear stress theory : 
4-4 
ae 16T _ 16M 
nd3 паз 


- T-M. 
(e) Maximum shear strain energy theory : 


fP+fe ТАВ =f? 
or а) rae -(2м) 


ог 3T*-4M? 
T-1155M 


THEORIES OF FAILURE 211 


or 
gt safe 
2C 6C 
or V3xq=f 
or 3x 22 
or /3T=2M 
. T-1155M 


14. Three exactly similar specimens of mild-stee] tube are 4 cm 
external diameter and 3:2 cm internal diameter. One of these is tested in 
tension and reaches the limit of proportionality at an axial tensile load 
of 9,000 kg. The second is tested in simple torsion. The third is also 
tested in torsion, but with a uniform bending moment of 3,590 kg cm 
applied throughout the test. Assuming maximum shear stress to be the 
criterion of elastic failure, estimate the torque at which the two torsion 
specimens should fail. (Lond. Univ.) 


Under axial load : 


_ 90000x4 _ 36,000 ста 
fo sum етее om 


Under simple torsion : 


PVD DIDS c uses 
I= > (Dd) s(4—32) 
кшэз MOT Y ~ 
26°24 x 5°76n 
gat 
64T  _ 18,000 
9r 2624x561 576r 


c. T=7,380 kg em 
bending and torsion : 
Equivalent torque, T= M? + T*— A/3,500? 4- T? 


Maximum Shear Stress 


T, D. 6A 550074 T* 
"OR 


Under combined 


DUE ee‏ ے 


q= 56945 5761 


= 

J 
d 
1—5 
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a 64x4/3500*--T* _ 18,000 
26°24 x 5°76x 5°76л 
ог 3,500? + T?— 7,380? 
T — 6,500 kg cm. 


15. А cylindrical shell made of mild-steel plate and 120 cm in diameter 
is to be subjected to an internal pressure of 15 kg/em?. If the material 
yields at 2,000 kg/cm?, calculate the thickness of the plate on the basis of 
the following three theories, assuming a factor of safety 3 in each case. 
(a) Maximum principal stress theory, (b) Maximum shear Stress theory, 
(c) Maximum shear strain energy theory. 

(Treat it as a two-dimensional case neglecting 15 kg/cm? 


as a principal 
stress.) 


(Engineering Services, 1963) 


D 15х120 _ 900 
H tres EA = 200 
уор ess fi 2t 2t t 


Longitudinal stress EAA ے‎ 450_ 


4t t 
Premissible stress in simple tension 
f= 22% карпа 
(a) Maximum principal stress theory : 
900 _ 2,000 
t 3 
t=1:35 cm. 
(b) Maximum shear stress theory : 
E Ji 
ZENZ 
or fif 
5r 900 _ 2,000 
t 3 


.. t=135 em. 
(c) Maximum shear strain energy theory : 


Y f fe f fao fe 
= CE C)-C9)«(59- Que) 


2 E] 
or sx (52) = (200 
t 3 


THEORIES OF FAILURE 213 


Я м3 х 450 х3 
aie pa Асаке р 
7,000 1:169 cm. 


à 16. A cylindrical drum of 60 cm internal diameter is to withstand an 
internal pressure of 20 kg/cm*. Calculate the necessary wall thickness for 
afactor of safety oes if the criterion of failure is the maximum strain energy, 
and the elastic limit in pure tension is 2,400 kg/cm?. Poisson’s ratio—0°3. 
(Lond. Univ.) 
(Ans. 0-731 cm) 
17. A long straight tube is subj 
и E j jected to an internal pressure of 70 
kg/cm?. The internal diameter of the tube is 9 cm and the walls of the 
tube are 3 mm thick. Considering the tube as a thin cylinder, determini 
the longitudinal and circumferential stresses. С » 3 
This tube is then subjected to a twisting moment of 3,000 КЬ c 
Find the factor of safety according to (a) the maximum xdi bn 
+. s, 2 
theory; (b) the maximum strain theory; and (c) the maximum shear stress 
theory. Assume that the Poisson's ratio—0-3; elastic limit stress—2,800 
Д 2 i Та 
kg/em?; E—2x10* kg/cm?. (Engineering Services, 1960) 


t pD 0x9 7 
H t x 7 — 1,050 kg/cm? 
oops ress, fs 2x03 ? 5 gie 


Longitudinal stress, f,= 22 525 kg/cm? 


Shear stress due to torque, 
7 torque 
cross-sectional area x radius 


® 3,000 
(пх9х0:3) х 4:5 


=78:6 kg/cm? 


Principal stresses —3( fz + fy) + 4v (Jæ — fy) + 49° 
=4x 1,575+ ły 525+ 4х 78:68 


= 787:5 +274 
f,=1061'5 kg/cm? and = 513:5 Ке/ст? 


i.e., 
(a) Maximum principal stress theory : 
2,800 
nm 2:64. 
Factor of safety E 


(b) Maximum strain theory : 


Maximum strain =F 
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ES Е a 9075 
= (1061'S -0'3 x 513'5)= 572. 


Simpie stress to produce this strain —907:5 kg/cm? 


.. Factor of safety = 2800. = 3:09. 


(с) Maximum shear stress theory : 
Maximum shear stress = = 530۰75 kg/cm? 


Simple tensile stress to produce the same maximum shear stress 
=530:75 x 2= 1061-5 kg/cm? 


2,800 


.. Factor of safety = тст. 


=2:64. 


18. A thin cylinder of internal diameter 30 cm, with closed ends, is 
subjected to an internal pressure of 40 kg/cm? and to an axial torque of 7,000 
kgm. The maximum safe stress for the material in simple tension is 1,600 
kg/em*. Find the thickness for the cylinder wall if the maximum shear 
strain energy is the criterion of failure, 


D 40x30 600 
Hoop stress, SPEIS 009% 
Р Ё 2t 2t t 
Longitudinal stress, fy= 22 — 300 
4t t 
Shear stress = — 1000x100. = 395 
(nx 30x1) x 15 t 


Principal stresses 
$00 22) [7600 30052 495\2 
=) 
e t EAM ee ss t4x( 7) 


450 , 517 
LE: 


i.e. 4-28 and fae 


SP ff fa f? 
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S (22) (©) «Qs. (9- 1,600: 


or : P 1,600? 


КОММ ГО? 
2 1,600 — 


19. A cast-iron cylinder has outside and inside diameters of 20 cm 
aud 12cm. If the ultimate tensile strength of the cast-iron is 1,500 kg/cm? 
find, according to each of the following theories of failure, the internal pres- 
sure which would cause rupture: (a) Maximum principal stress theory, 
(b) Maximum strain theory, (c) Maximum strain energy theory. Assume 
no longitudinal stress in the cylinder. Poisson's ratio—0:25. 

(Lond. Univ.) 
Greatest circumférential stress at the inside surface 


_ век  _ 100436 | 17 
i= RRs P= 100—367 87 


The other principal stress at the inside, f;— —p 
(a) Maximum principal stress theory : 


17 
Ж? р= 1,500 


p=706 kg/cm?. 
(b) Maximum strain theory : 


a -2)- I 


or 1p +0:25р= 1,500 


г. p-632kg[cm?, 
(c) Maximum strain energy theory : 


fà fà- S of 


or (ру + p?-2x 0:25 x 3g p x p= 1,500? 
421 + 
—— pi- 1,500? 

or 64 P 


k p= 1500x8 —585 kg em? 
^/ 421 


-€ kostet bie = C mc М 2 
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0. | shaft 10 cm in diameter transmits a torque of 130,000 kg cm 
- with an axial thrust. Find the maximum value of this ust 
П give a factor of safety of 2 against elastic failure by (а) maximum | 

ing stress; (b) maximum shear strain energy. The elastic limit of 
material is 3,000 kg/cm. (Lond. Univ.) 


Permissible direct stress, f= к = 1,500 kg/cm? 


brun ' 
` Shear stress due to torque, 


bs _ 16T _ 16% 130,000 _ + 
А а 


3 Р ‘Let fz be the compressive stress due to axial thrust. 
rincipal stresses — 1f, + 14/ f+ 4g? à 
ry. = tV f +4 X662 
7 fio Ma FEF AK 6627 


_ and fr=the-4V fs +4 x 6622 
_ (a) Maximum shearing stress theory : 
fais negative, 


Pan -he M р 
h-f-f 
| V fe +4 x 6622= 1,500 
995 712+ 4 x 6622 1,500? js 
po =. = 105 kg/cm? n 
m P= E x 102 x 705 —55,400 kg. 


(b) Maximum shear strain energy 


fefe -f fft 
B > 1 : 
ЕС LE a A (fe+4 662: (чаве) 


4 
E f3 +3 x 6622 — 1,5002 
- = 967 kg/cm? 


P= x10? x 967=75,900 kg. 


- +1 (74х66) 


Problems in Strength of Materials— Volume IT 
(4C—40) 
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